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PKEFACE. 


IN  offering  to  the  student  a  treatment  of  the  Problem  of 
the  Earth's  rotation  somewhat  different  from  that  which 
has  been  usually  given  in  elementary  text-books,  a  few 
words  of  explanation  are  necessary. 

The  FIRST  PART  consists  of  an  application  of  the  method 
of  the  variation  of  elements  to  the  general  problem  of 
rotation.  That  the  formulae  for  calculating  these  elements 
are  identical  in  the  motions  both  of  translation  and  rotation, 
appeared  so  remarkable,  that  it  might  be  well  to  present 
the  latter  in  a  form  easily  accessible.  As  far  as  I  am  aware, 
an  elementary  investigation  of  these  formulae  has  not  yet 
been  given :  in  attempting  to  supply  this,  I  have  adopted 
a  method  somewhat  similar  to  that  which  I  have  given  for 
the  corresponding  equations  of  the  motion  of  translation,  in 
an  Elementary  Treatise  on  the  Planetary  Theory.  The  striking 
analogy,  thus  developed,  between  the  solutions  of  problems, 
in  appearance  so  dissimilar,  may,  I  hope,  lead  to  a  more 
complete  study  of  Lagrange's  beautiful  theoiy  of  the  varia- 
tion of  arbitrary  constants. 

In  the  SECOND  PART  the  general  rotation-formulae  are 
applied  to  the  particular  case  of  the  Earth.  These  formulae 
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VI  PREFACE. 

afford  a  simple  and  accurate  proof  of  the  important  theorem 
of  the  Stability  of  the  Earth's  axis  and  of  the  motion  about 
it,  so  far  as  these  depend  upon  the  attractions  of  distant 
bodies.  In  this  I  have  followed  M.  de  Ponte'coulant.  The 
remaining  pages  are  devoted  to  a  consideration  of  the  motion 
of  the  Earth's  axis  in  space.  In  this  I  have  obtained  the 
formulae  for  calculating  Precession  and  Nutation,  first,  by 
an  application  of  the  general  method,  and  afterwards,  by 
an  independent  process;  but  I  have  not  carried  the  approxi- 
mation further  than  has  been  usual  in  elementary  text- 
books. 

C.  H.  H.  CHEYNE. 


i,  DEAN'S  YARD, 

WESTMINSTER, 
September,  1867. 
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PART  L 

GENERAL  THEORY   OF   ROTATION* 

1.  IN  that  part  of  Physical  Astronomy  which  usually 
goes  by  the  name  of  the  Planetary  Theory  we  are  con- 
cerned with  the  motions  of  translation  only  of  the  planets 
in  space :  we  now  propose  to  consider  their  motions  of  rota- 
tion. The  principles  of  the  conservation  of  the  motions  of 
translation  and  rotation  permit  us  to  consider  these  sepa- 
rately, and  to  treat  the  latter  as  if  the  centre  of  gravity  were 
a  fixed  point.  We  shall  adopt  a  method  perfectly  rigorous, 
and  free  from  all  assumptions,  with  the  single  exception 
of  the  hypothesis,  already  required  in  the  Planetary  Theory, 
that  the  attracting  bodies  are  so  distant  that  their  action 
may  be  supposed  the  same  as  it  would  be  if  their  whole 
masses  were  condensed  into  their  centres  of  gravity.  Thus 
we  shall  obtain,  for  the  determination  of  the  motion,  for- 
mulae applicable  to  the  case  of  any  planet  or  other  rigid 
body  :  an  interesting  application  of  these  will  then  be  afforded 
by  the  special  circumstances  which  occur  in  the  Earth's 
Motion  of  Rotation. 

2.     If  the  planets  were  exactly  spherical  in  shape,  it  is 

clear  that  the  attractions  of  the  Sun,  Moon,  and  of  the  other 

planets  could  produce  no  effect  upon  their  rotation,  since 

they  would  all  pass  through  the  centre    of  gravity.     But 
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although  tins  isTiiot  ifce- .case,  yet  the  deviation  from  exact 
sphericity  being  very  small,  the  motion  will  differ  only 
slightly  from  what  it  would  be  if  these  disturbing  forces  did 
not  exist.  We  shall,  therefore,  by  neglecting  them  obtain 
first  an  approximate  solution  of  the  problem,  and  then  by 
the  method  of  the  variation  of  parameters  deduce  from  it 
accurate  results.  Since,  however,  the  motion  of  a  rigid  body 
about  a  fixed  point  under  the  action  of  no  forces  is  dis- 
cussed in  works  on  Rigid  Dynamics,  we  shall  here  consider  it 
only  so  far  as  is  necessary  for  the  purpose  of  obtaining  re- 
sults which  will  be  required  in  the  sequel. 


Undisturbed  Motion. 

3.  Let  ojj,  o)2,  w3  be  the  angular  velocities  of  a  planet 
about  the  principal  axes  at  its  centre  of  gravity  ;  A,  B,  C 
the  moments  of  inertia  about  these  axes  :  then  Euler's 
equations  give 


Multiplying  these  equations  by  e^,  o>2,  &>3  respectively, 
adding,  and  integrating,  we  have 


where  h  is  the  constant  of  integration. 
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Again,  multiplying  by  ACOI}  Ba)z,  CCOB)  adding,  and  inte- 
grating, we  have 


where  k*  is  the  constant  of  integration. 
From  these  two  equations  we  obtain 


(A-B}A 


2  "  (A-B)B 

Substituting  these  values,  the  third  equation  of  motion 
becomes 


dl  >J(AB) 

whence  t  +  1 


]     _ 


where  I  is  the  constant  of  integration. 

This  integral  cannot  in  the  general  case  be  found;  we 
may  however  approximate:  thus  t  is  known  in  terms  of  o>3, 
and  consequently  ew3  in  terms  of  t\  and  then  from  above, 
o)lt  a>a  are  also  known. 

4.  With  respect  to  the  constants  introduced  by  the  inte- 
gration, we  may  remark  that  h  represents  the  vis  viva 
(Routh's  Rigid  Dynamics,  Art.  194),  and  k  the  area  conserved 
on  the  invariable  plane.  To  prove  the  latter  point,  the 
areas  conserved  on  the  principal  planes  being  AWI}  Bco2,  Co)3 
(Routh's  R.  D.,  Art  179),  and  the  direction  cosines  of  the 
invariable  plane  with  reference  to  the  principal  axes 

A  co      Ba)      Ca) 


1—2 
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(Routh's  R.  D.,  Art.  125),  the  area  conserved  on  the  invari- 
able plane 


k 


k 


5.  When  <olt  o>2,  o>3  are  known  at  any  time,  the  result- 
ant angular  velocity  of  the  planet  is  known,  and  also  the 
position  of  the  instantaneous  axis  of  rotation  with  reference 
to  the  principal  axes.  It  remains  to  shew  how  the  position 
of  these  axes  in  space  may  be  determined. 

Suppose  a  sphere  described  with  its  centre  at  the  centre 
of  gravity  of  the  planet  and  its  radius  of  any  magnitude : 
take  as  a  plane  of  reference  any  fixed  plane  passing  through 
the  centre  of  gravity,  and  let  it  cut  the  sphere  in  the  great 
circle  ON\  also  let  the  principal  plane  of  xy  cut  the  sphere 
in  the  great  circle  NAB,  N  being  the  node  of  this  plane 
upon  the  fixed  plane,  and  A,  B,  G  the  points  where  the 
sphere  is  cut  by  the  principal  axes  of  x,  y,  z.  Take  P  the 
pole  of  ON,  and  join  PA,  PB,  GA,  GB  by  arcs  of  great 
circles. 


C 


Let  the  angle  ON  A  <=  0,   ON=  ^ ,  NA  =  $  :  then  if  the 
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angles  0,  <f>,  ^  be  known,  the  position  of  the  planet  will  be 
determined  with  reference  to  the  fixed  plane. 

Now  we  may  consider  the  planet  to  be  moving  with  angu- 
lar .velocities  a>lt  o>2,  <»8  about  the  principal  axes;  or  with 

angular  velocities  -^ ,   -y- ,   -^ ,  the  first  about  a  normal  to 

the  fixed  plane,  the  second  about  the  line  of  nodes,  the  third 
about  the  principal  axis  of  z.  We  shall  adopt  the  usual 
convention  with  respect  to  signs,  and  consider  positive  those 
angular  velocities  which  tend  to  turn  the  planet  round  the 
axes  of  x,  y,  z  from  y  to  z,  z  to  oc,  sc  to  y,  respectively. 

Thus,  resolving  about  the  principal  axes,  we  have 
M  <fy 

Wj  =  —  -y-  COS  0  —  -~  COS  PA, 
de     .  (ty 

».=     ^  Bin  0--^  COB  PI* 

cty      ety 

r»3  =     -£ ?-  cos  9. 

dt       dt 

Now,  by  Spherical  Trigonometry, 

cos  PA  =  —  sin  6  sin  <£, 

? 
cos  PZ?  =  —  sin 


7/1  7   I 

therefore         ^  =  —  —  cos  ^>  +  -^-  sin  ^  sin  ^>, 


.  . 

w2  =     --  sin  ^  +      -  sin  ^  cos  ^ 
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Hence  also, 

d-fr  .    n 

-~  sin  6  —  &)j  sm  </>  +  &>2  cos  fa 

d6 

~j-  =  —  Wj  cos  <p  -f  o)2  sm  fa 


By  substituting  the  values  of  e^,  &>2,  &>3  obtained  as  above 
(Art  3),  and  then  integrating  these  equations,  0,  fa  and  ty 
would  be  determined,  and  thus  the  position  of  the  principal 
axes  at  any  time  would  be  known.  The  integration,  how- 
ever, earn*  in  general  be  effected;  so  that  we  are  obliged 
to  have  recourse  to  a  special  hypothesis  with  regard  to  the 
position  of  the  fixed  plane  of  reference.  If  we  take  for  this 
purpose  the  invariable  plane,  the  process  becomes  much  sim- 

plified. 

i 

6.  Let  then  0lt  fa,  fa  denote  relatively  to  the  inva- 
riabL  plane  the  same  angles  which  relatively  to  the  original 
plane  of  reference  have  been  denoted  by  6,  fa  fa  Then,  the 
direction  cosines  of  the  invariable  plane  with  reference  to  the 
principal  axes  being 


~k~y     ~k~y      ~k~ 
respectively,  we  have  (see  figure  of  preceding  Article) 

—  r-1  =  cos  PA  =  —  sin  0X  sin  fa  , 

—j-*  =  cos  PB  =  —  sin  6l  cos  fa  , 
/c 

°»*  a 

-£-3=cos0i; 

*  There  is  much  disagreement  between  writers  as  to  the  measurement  of 
the  angles  employed  in  these  kinematical  equations  ;  the  above,  however,  agrees 
with  La  Place,  Poisson,  and  Ponte*coulant. 
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therefore 


Co) 


These  equations  give  6l  and  ^  :  to  obtain  T^,  substitute 
in  the  first  of  the  equations  (A)  of  Art.  5  ;  thus 

-1  sin2  0j  =  ^  sin  0t  sin  ^  +  o>2  sin  0X  cos  ^; 

therefore          ^l  (F  -  <72a>32)  =  -  (Aa,?  +  J5o>22)  X; 
* 


,,      -  —  7 

therefore  -p  =  —  n  —  777^  fc  ; 

dt  k*—  C  w* 

combining  this  with  the  result  of  Art.  3,  and  integrating,  we 
have 


where  g  is  the  constant  of  integration. 

Since  o>3  is  known  in  terms  of  t  from  Art.  3,  these  equa- 
tions give  0j,  fa,  fa;  so  that  the  position  of  the  principal 
axes  is  known  at  any  time  with  reference  to  the  invariable 
plane.  Since,  however,  when  the  disturbing  forces  are 
taken  into  account,  this  plane  ceases  to  be  absolutely  invari- 
able, it  will  be  convenient  to  be  able  to  refer  the  motion  to 
some  other  plane  which  does  remain  fixed,  and  which  may 
be  taken  as  a  plane  of  reference  :  this  we  can  now  do  by 
Spherical  Trigonometry. 
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7.  Let  the  surface  of  a  sphere  of  any  radius,  with  its' 
centre  at  the  centre  of  gravity  of  the  planet,  be  cut  by  the 
fixed  plane  of  reference,  the  invariable  plane,  and  the  princi- 
pal plane  of  xy,  in  the  great  circles  OMN,  MI,  INA  respec- 
tively. 


As  before  let  ON=  -^,  NA  =  <£,  the  angle  ON  A  =  6  ;  also 
take  M  as  the  origin  from  which  ^  is  measured,  and  let 
Jf/=^,  IA=<f>l}  the  angle  MIN=6l:  let  OM  (the  longi- 
tude of  the  node  of  the  invariable  plane)  =  a,  and  IMN  (its 
inclination  to  the  plane  of  reference)  =  7. 

Then  the  sides  of  the  spherical  triangle  IMN  are 


and  the  angles  respectively  opposite  to  these, 

ft,     IT-  ft     7- 

Hence,  by  the  formulae  of  Spherical  Trigonometry,  we 
have 

cos  6  =  cos  7  cos  0j  —  sin  7  sin  0t  cos  -fy^ 

sin  ((f>l  —  <j>)  sin  6  =  sin  7  sin  fa, 
sin  (>|r  —  ct)  sin  6  =  sin  0X  sin  fa, 
which  determine  ft  <£,  ^r,  when  ft,  ^>15  ^,  a,  7  are  known. 
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Disturbed  Motion. 

8.  Having  now  shewn  how  to  determine  the  position 
and  velocity  of  rotation  of  the  planet  on  the  hypothesis  that 
no  forces  act  upon  it,  we  proceed  to  a  rigorous  treatment  of 
the  problem.  We  shall  employ  the  principle  of  the  varia- 
tion of  parameters,  and  suppose  the  results  already  obtained 
to  represent  the  true  solution,  the  arbitrary  constants  or 
elements  being  no  longer  constants,  but  variable  quantities, 
which  it  will  be  our  object  to  determine.  We  shall  speak  of 
the  forces  which  produce  this  variation  as  disturbing  forces. 

The  elements  which  have  been  already  employed  in  the 
undisturbed  motion  are  six  in  number,  viz.  h,  Jc,  7,  g,  a,  y  : 
in  considering  these  as  variable  we  shall  arrive  at  the  very 
remarkable  result  that  the  equations  for  calculating  their 
variations  are  precisely  the  same  as  the  corresponding  equa- 
tions for  the  motion  of  translation  in  the  Planetary  Theory. 

DEF.     The  plane  of  which  the  direction  cosines  are 


"IT'  '       T' 

the  area  conserved  upon  which  has  been  shewn  (Art.  4)  to  be 
equal  to  &,  will  in  future  be  termed  the  plane  of  maximum 
areas,  on  account  of  the  property  which  it  possesses,  that  k 
is  a  maximum*';  since  it  can  no  longer  be  considered  in- 
variable. 

*  See  Routh's  Rigid  Dynamics,  Art.  174. 
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9.  To  find  an  expression  for  the  sum  of  the  moments  of 
the  disturbing  forces  about  any  line  through  the  centre  of 
gravity  of  the  planet. 

We  shall  suppose  the  disturbing  body  (which  may  be  the 
Sun,  Moon,  or  another  planet),  so  distant  that  it  may  be 
considered  to  attract  as  if  condensed  into  its  centre  of  gravity. 

Let  m  be  the  mass  of  the  disturbed,  m  of  the  disturbing 
body,  pt  the  distance  of  the  centre  of  gravity  of  the  latter 


m 


from  an  element  Sm^  of  the  former  :  also  let  Vl  —  —  .    Then, 

if  a-  denote  the  length  of  the  arc  of  any  curve  measured 
from  some  fixed  point  to  the  element  Sm^  the  disturbing 
force  on  this  element  in  direction  of  the  tangent  to  the  curve, 
and  tending  to  increase  cr,  will  be 


If  we  suppose  this  arbitrary  curve  so  drawn  that  its 
tangent  at  the  point  where  the  element  is  situated  is  perpen- 
dicular to  the  axis  about  which  the  moments  are  to  be  taken, 
and  denote  by  p  the  distance  of  Sm^  from  this  axis,  the 
moment  of  the  force  will  be 


Let  the  small  arc  Bo-  subtend  an  angle  8^  at  the  nearest 
point  of  the  axis;  then  &r  =  p§%,  and  the  moment  becomes 

* 
' 

Similarly,  if  F2  refer  to  an  element  Sra2,  the  moment  of 
the  disturbing  force  on  this  element  will  be 


x  * 

cm*  ——  -  , 

2 
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S^  being  the  same  as  for  the  element  Sn^  since  these  ele- 
ments are  supposed  rigidly  connected. 

Hence  the  sum  of  the  moments  of  the  disturbing  forces 
on  all  the  elements  of  the  planet 

,     dV      ,     dV- 


or,  if  we  write  V  for  %  (Bm^Y^),  the  sum  of  the  moments 
will  be 

w 

where  F'=w'2  —  . 

P 

COR.  If  there  are  several  disturbing  bodies  m,  m",  &c. 
and  V,  V",  &c.  are  the  functions  corresponding,  the  sum  of 
the  moments  of  the  forces  due  to  their  action  will  still  be 

rIV 

5r,  where  F=  V'+V"  +  ... 

dx 

The  result  of  this  Article  may  be  thus  enunciated  :  —  Sup- 
pose a  small  arbitrary  rotation  given  to  the  planet  about  any 
axis  through  an  angle  8%;  then,  supposing  V  expressed  in 
terms  of  %  and  quantities  which  do  not  vary  in  this  hypotheti- 
cal motion,  the  sum  of  the  moments  of  the  disturbing  forces 
about  this  axis  will  be  expressed  by  the  partial  differential 

coefficient  -3—  . 
d% 

The  function  V  is  thus  clearly  analogous  to  the  disturbing 
function  R  o'f  the  Planetary  Theory. 

10.  "We  may  express  V  in  various  ways  which  will  be 
found  useful  : 

(i)  As  a  function  of  0,  <j>,  <\fr.  Let  x,  y,  z  be  the  co- 
ordinates of  an  element  8m  of  the  disturbed  planet,  the  fixed 
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plane  of  reference  being  that  of  xy,  and  the  axis  of  x  the 
line  from  which  ^fr  and  a  are  measured  ;  let  x,  y  ,  z  be  the 
co-ordinates  of  the  centre  of  gravity  of  the  disturbing  body 
referred  to  the  same  axes;  and  let  xlt  ylt  zl  be  the  co-ordi- 
nates of  Sm  referred  to  the  principal  axes  of  the  planet. 
Then 


F=m'2  —  ,  (Art.  9), 


8m 


Now  if  X,  p,  v  be  the  angles  which  the  fixed  axis  of  x 
makes  with  the  principal  axes  of  #,  y,  z,  we  have 

x  =  ajj  cos  X  +  yt  cos  p  +  zl  cos  v  ; 
and  by  Spherical  Trigonometry  (see  fig.  to  Art.  5), 
cos  X  =  cos  ^>  cos  ty  4-  sin  <£  sin  i|r  cos  0, 
cos  fju  =  —  sin  <f>  cos  ty  -f  cos  ^>  sin  ^  cos  0, 
cos  v  —  sin  >Jr  sin  0. 

Thus  x  may  be  expressed  in  terms  of  6,  </>,  -»Jr  and  of  the 
co-ordinates  of  $m  referred  to  the  principal  axes.  Similarly, 
y  and  z  may  be  expressed  in  terms  of  6,  <f>,  ty.  If  the  values 
of  x,  y,  z  so  obtained  be  now  substituted  in  the  expression 
for  F,  it  will  become  a  function  of  6,  <f>,  i|r  ;  and,  in  so  far  as 
it  depends  upon  the  disturbed  planet,  of  quantities  indepen- 
dent of  the  time. 

(ii)  As  a  function  of  01?  ^,  i/^,  a,  y.  By  Art.  7,  we 
have, 


-«=/(<>,. 
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the  symbol  f  denoting  a  different  function  in  each  case.  If 
then  we  suppose.  V  to  have  been  expressed  as  a  function  of 
0,  (j),  ft  by  (i),  these  equations  will  enable  us  to  express  it  as 
a  function  of  6V  <f>v  ft,  a,  y. 

(iii)  As  a  function  of  t  and  the  elements.  Collecting 
together  the  results  of  Arts.  6  and  3,  and  making  Ca>a  —  s, 
we  mav  write 


•ft  +£= 

t  +  l=f(h,k,  s). 

Supposing  F"  to  have  been  expressed  as  a  function  of 
^i»  $i>  ft'  a>  %  by  (ii)>  the  ^rs^  three  °f  these  equations  will 
enable  us  to  express  it  as  a  function  of  s,  h,  k,  g,  a,  7  :  then, 
if  s  be  eliminated  by  means  of  the  fourth  equation,  it  will 
become  a  function  of  t  +  I,  h,  k,  g,  a,  7  ;  that  is,  of  t  and  the 
elements. 

11.  We  now  proceed  to  obtain  equations  for  calculating 
the  values  of  the  elements  at  any  time,  commencing  with  h, 
the  element  of  vis  viva. 

Let   T  denote  the  vis  viva  due  to  the  rotation  of  the 

dV 
planet,  Swl  -—-  the  resolved  part  of  the  disturbing  force  on 

an  element  Sml  of  its  mass  in  the  direction  of  motion  of  the 
element  :  then  the  equation  of  vis  viva  gives 


dT       ^(        dV^  da\ 
—j-  =  22    Bm.  -j-±  -j- 
dt  \      r  da-    dtj 


where  in  - ,  the  differential  coefficient  is  taken  only  in 
cit 
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so  far  as  t  is  involved  through  the  co-ordinates  of  the  element 
Bm±  of  the  disturbed  planet.     This  equation  may  be  written 


if,  as  in  Art.  9,  we  write  F=S  (Sm1.F1).  Now  from  the 
result  of  (iii)  in  the  preceding  Article  we  notice  that  t  +  l 
always  occurs  in  V  as  one  quantity  ;  therefore 

d(V)  _dV 
dt     =  dt  ' 

also  -in  the  undisturbed  motion  T=h',  hence  our  equation 
becomes 

dh_     dV 

dt~      dl> 

from  which  h  may  be  calculated. 

12.     This  equation  may  also  be  written 
dh_     d(V) 
dt~        dt    ' 

under  which  form  it  is  easily  seen  to  be  identical  with  the 
corresponding  equation 


S\     a 

of  the  Planetary  Theory.  (See  Planetary  Theory,  Art.  26.) 
In  fact  it  appears  that  the  element  of  vis  viva  will  be  given 
by  a  similar  equation  in  all  cases  of  motion,  whether  of 
translation  or  rotation,  when  the  disturbing  bodies  attract 
according  to  any  law  expressed  by  a  function  of  the  distance. 
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Equations  of  Motion. 

13.  Let  Jct,  &2,  £3  denote  the  areas  conserved  about  three 
rectangular  axes  of  x,  y,  z,  originating  in  the  centre  of 
gravity  of  the  disturbed  planet,  and  moving  with  angular 
velocities  /319  £2,  /33  about  their  instantaneous  positions  ;  also 
let  L}  Mt  N  be  the  moments  of  the  disturbing  forces  about 
these  axes  :  then  (Routh's  Rigid  Dynamics,  Art.  120)  we 
have  the  equations  of  motion 


Now  let  &3  denote  the  area  conserved  on  the  plane  of 
maximum  areas  :  then  from  the  undisturbed  motion  (Art.  4) 

we  have 

If  —  If  - 

A/3  —  ti,  , 

and  since  the  areas  conserved  upon  all  planes  perpendicular 
to  the  plane  of  maximum  areas  are  zero*,  we  must  also  have 


always  ;  and  therefore 


-<" 


*  This  follows  from  the  fact  that  the  area  conserved  upon  any  plane  is  equal 
to  the  projection  upon  it  of  the  area  conserved  upon  the  plane  of  maximum 
areas.  (Routh's  Rigid  Dynamics,  Art.  174.) 
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hence  our  equations  become 


-- 
dt~ 

We  may  express  /8,  and  /32  in  terms  of  -5-  and  -^  ,  a  and 

6t&  CLt 

y  being  respectively  the  longitude  of  the  node  and  the 
inclination  of  the  plane  of  maximum  areas  to  the  fixed 
plane  of  reference.  Since  no  assumption  has  yet  been  made 
with  regard  to  the  position  of  the  axis  of  x,  it  will  be  con- 
venient to  suppose  it  to  coincide  with  the  line  of  nodes. 
Employing  the  equations  of  Art.  5,  and  making  col=/31, 
®.  =  ft»  0  =  7>  0  =  0>  ^=«,  we  have 

da    . 
-  81117  =  ft, 


and  the  equations  of  motion  become 
,  da    . 


dk        „ 

~r  —  N. 
dt 

14.  With  respect  to  the  last  of  these  equations,  we  may 
remark  that  it  is  of  the  same  form  as  it  would  be  if  the 
plane  of  maximum  areas  were  still  invariable.  Now  on 
referring  to  Art.  18  of  the  Planetary  Theory  it  will  be  seen 
that  the  equations  for  the  motion  of  translation,  when  re- 
ferred to  axes  in  the  plane  of  the  orbit,  take  the  same  forms 
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as  if  this  plane  were  at  rest,  and  moreover,  that  the  second 
equation  there  obtained  is  identical  with  the  third  of  the 
preceding  Article*.  This  coincidence  is  not  accidental,  but 
arises  from  the  fact  that  in  the  motion  of  translation,  the 
plane  of  maximum  areas  is  the  plane  of  the  orbit.  In  fact; 
the  equations  obtained  in  the  preceding  Article  for  the  motion 
of  rotation  are  equally  applicable  to  the  motion  of  transla- 
tion, and  we  shall  see  that  the  resulting  formulae  for  the  cal- 
culation of  the  elements  involved  are  identical  in  the  two 
motions. 

15.  It  now  only  remains  to  find  expressions  for  L,  M,  N 
in  terms  of  the  differential  coefficients  of  the  function  V,  in 
order  to  obtain  from  the  equations  of  Art.  13  formulas  for 
calculating  the  elements  a,  7  and  k.  We  shall  suppose  V 
expressed  as  a  function  of  0lf  fa,  fa,  a,  7  (Art.  10  (ii)). 

To  find  L : — Suppose  a  small  arbitrary  rotation  given  to 
the  planet  about  the  axis  of  x,  that  is,  about  the  line  of 
nodes  of  the  plane  of  maximum  areas  :  then  we  may  repre- 
sent the  change  in  position  of  the  planet  by  supposing  7  alone 
to  vary,  0lt  (j>l,  fa,  a  remaining  constant^.  Thus,  the  ten- 
dency of  L  being  to  diminish  7,  we  have 

L  =  -^, 

the  differential  coefficient  being  partial.     Hence  by  the  first 
equation  of  motion, 

da_         1       dV 

dt         k  sin  7  dy  * 

*  The  quantity  here  denoted  by  k  corresponds  with  what  in  the  Planetary 
Theory  is  denoted  by  7t. 

1*  This  is  equivalent  to  supposing  the  plane  of  maximum  areas  fijred  in  the 
body  during  the  rotation,  a  supposition  perfectly  allowable,  since  the  rotation 
given  to  the  planet  is  hypothetical,  and  has  nothing  to  do  with  its  actual 

c.  2 
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To  find  M : — Suppose  a  small  arbitrary  rotation  given 
to  the  planet  through  an  angle  &%  about  the  axis  of  y,  that 
is,  about  a  line  through  L  the  centre  of  gravity  of  the  planet, 
in  the  plane  of  maximum  areas  perpendicular  to  LM  its  line 
of  nodes :  let  the  effect  of  the  rotation  be  to  change  the 
position  of  this  plane  from  MI  to  mi:  draw  Mn  perpen- 
dicular to  mi. 


Then  Mn  —  fy,  mn  =  —  S^,  Mm  =  Sa,  the  angle  Mmn  —  7  : 


and  we  have  £^  = 
da. 


=  ~~    a  cos  7  > 


da.         1         JA|T.  dot. 

therefore  -y-  =  -. —  ,   -y-1  =  —  cos  7  -y-  =  —  cot  7. 

av      sin  7       av  ay 


And 


dV 


c?%      o?a  a7^     G?^   d%  ' 
since  we  may  suppose  a  and  ^  alone  to  vary  with  y^  *>  there- 

1 


ore 


,, 

Jf  = 


sin  7 


-  COt  7 


Now  (Art.  10  (iii))     ^  +  ff  =f(h,  k,  s), 
and  0l  ,  <£x  do  not  involve  g  ;  therefore 


motion.  Any  other  supposition  might  be  adopted  with  regard  to  the  motion  of 
this  plane,  but  this  is  the  most  convenient,  and  will  be  retained  throughout 
this  Article. 
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1      dV  ^  dV 

hence  M  =  —  --  7~  +  cot  7  -*-  : 

sin  7  da  dg  ' 

and  the  second  equation  of  motion  gives 


-  Q7 

dt~~k  sin  y  dot.      h  sin  7  dg  * 

To  find  N:  —  Suppose  a  small  arbitrary  rotation  given  to 
the  planet  about  the  axis  of  z,  that  is,  about  a  normal  through 
the  centre  of  gravity  of  the  planet  to  the  plane  of  maximum 
areas  :  then  we  may  suppose  fa  alone  to  vary,  and  since  the 
tendency  of  Nis  to  diminish  fa,  we  shall  have 


AT-  _dV 

-- 


as  in  the  preceding  Article  ;  then  the  third  equation  gives 

dkdV 


16.  The  equation  for  calculating  7  may  also  be  simply 
obtained  as  follows  :  if  we  refer  the  motion  to  the  fixed  plane 
of  reference,  and  suppose  V  expressed  as  a  function  of  6,  <j>, 
fa  since  Jc  cos  7  is  the  area  conserved  on  this  plane,  we  shall 
have 

d  .        dV 


Now  (Art.  10  (ii)),  ^  -  a  =/(0lf  fa,  7),  and  6,  <f>  do  not 
involve  a;  therefore 

dV_dV 
<fy~da~' 

the  latter  differential  coefficient  supposing  V  expressed  as  a 
function  either  of  0lt  <j>lt  fa,  a,  7,  or  simply  of  t  and  the 
elements.  Hence 

dV 


2—2 
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dy     dV  tilt 

therefore  &sm7      =       +  cos7 


dV  dV 


,,       r  dy         1        dF      cos  7 

therefore  ~  =  -j—.  —  -j  —  \-  7  —  ^-*-        . 

eft      A;  sin  7   da      A;  sin  7   a^ 

The  method  of  this  Article  is  identical  with  the  second 
method  given  in  Art.  34  of  the  Planetary  Theory  for  the  de- 

termination of  -v-  ;  we  reserve  the  comparison  of  the  results 
to  a  subsequent  Article  (Art.  22). 

17.    The  following  proposition  will  be  useful  'in  finding  -7-  . 

To  shew  that  TT  -•  2  -nr  >  an^  j-  =  -  2  ^p  ,  #ie  variables 
dk         dh  ds  dh 

connected  together  by  the  equations  of  Art.  10,  (iii). 
B-G  9 


Let  u  =  Jc*-Bh 


c 


where  6-  =  <7o>3.     Then  from  Arts.  3  and  6,  we  have 
t  +  l  =  »J(AB) 


JL-.—Zds (3), 

ta^=^ w- 
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From  equation  (2),  by  differentiating  under  the  integral 
sign, 

dv        du 


dl         1   f/A~  [dk        dk, 

-^=-^*J(AB     —  —  r—  ds 
d/c        I  J       (uvy 

i 

[*(""*)  ds,  by  equations  (1). 
J     (uv)* 


From  equation  (3),  in  like  manner,  we  have 

1  /,      s*\  f    dv  .     du 
i__  _&  ~2\    ~~~C 

^dh~~ 


uv 


—s 


To  simplify  this  expression,  we  find  from  equations  (1), 
,      s2      u  +  v 


9_ 

~~ 


A-B   ' 
Substituting  these  values,  and  reducing, 


1    dl    f 
' 


therefore  =2 

dk         dh 
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Again,  from  equation  (2),  we  have 

dl  _     I(AB\ 
~~ 


Differentiating  equation  (4),  and  substituting  for  -^  and 

^7  from  equations  (1), 

2  ,  d<t>i      A  —  Bv  —  Au 
2<k-^  =  -g.--^--; 

also  from  equation  (4), 

Au    Au  +  Bv 


hence,  by  substitution, 

^i-_i     /(4l\. 
dh         2  V  \uv  J  ' 

dl         0  dj>. 
therefore  --  =  —  2  r=l  . 


18.  The  following  relations  between  partial  differential 
coefficients  of  the  function  V,  as  well  as  the  results  of  the 

preceding  Article,  will  be  required  in  finding  -7-  . 

In  Art.  10  we  have  shewn  that,  in  order  to  express  V  as 
a  function  of  t  and  the  elements,  we  may  first  express  it  as  a 
function  of  0lt  $>v  ^  «,  <y}  by  case  (ii),  and  then  eliminate 
0j,  </>!,  ^,  by  means  of  the  equations  in  (iii).  The  first  three 
of  these  equations  are 


/(*,  Tc,  s), 
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If,  then,  we  substitute  for  019  (f>i,  ^  from  these  equations, 
V  will  become  a  function  of  h,  k,  s,  g,  a,  7 ;  and  we  shall 
have 

fdV\     dV  dG. 


'     dh      d(p    dh      d^If     dh 

Jfc    ^Z.  ^fc 

dcfri   dh      dtyv    dh  ' 

since  6l  does  not  involve  h.  We  have  used  the  brackets  to 
distinguish  the  partial  differential  coefficient  with  respect  to 
h,  of  V  expressed  as  here  supposed,  from  its  partial  diffe- 
rential coefficient  when  expressed  as  a  function  of  t  and  the 
elements.  In  order  to  pass  from  the  expression  of  V  as  a 
function  of  h,  k,  s,  g,  a,  7  to  its  expression  as  a  function  of 
t  and  the  elements,  we  must  solve  the  fourth  equation  of 
Art.  10  (iii),  with  respect  to  s ;  thus  we  shall  have 

s=f(h,  kt  t  +  l), 
and  then 

dV     (dV\      dVdsf 
dh  ~\dh)ds    dh'1 

or,  writing  for  f  -rj-  j  the  value  obtained  above, 


dh      ds   dh      dfa  dh      d^jr    dh  ' 
a  relation  which  will  be  required  in  the  following  Article. 

Again,  differentiating  the  equation 

s  =f(h,  k,  t  +  l) 

on  the  hypothesis  that  h  and  I  alone  vary,  we  have 

ds      ds  dl 
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where  -yr  is  the  same  as  would  be  obtained  by  direct  differ- 
entiation of  the  last  equation  of  Art.  10  (iii).     Hence 


^      _ 
ds  dh         ds  dl  dh 

_dVdl 
dl  dh' 

since  I  is  introduced  into  V  only  through  s.  '  This  relation 
also  will  be  required  in  the  following  Article. 

191.     We  are  now  in  a  position  to  find  -y  ,  and  shall  for 

Cit 

this,  purpose  refer  the  motion  to  the  principal  plane  of  xy. 
We  must  first,  however,  obtain  an  expression  for  the  sum  of 
the  moments  of  the  disturbing  forces  about  the  axis  of  z. 
Consider,  then,  V  as  a  function  of  01?  ^,  tylt  a.,  7,  and  let  a 
small  arbitrary  displacement  be  given  to  the  planet  about 
the  axis  of  z.  We  may  express  this  by  supposing  0lt  fa,  &,  y 
to  remain  constant  while  ^  alone  varies.  Since,  then, 
with  the  usual  convention  with  respect  to  signs,  the  ten- 
dency of  the  moment  we  are  considering  is  to  increase  $v  it 

will  be  expressed  by  -yy-  .     Thus,  from  Euler's  equations  of 

motion, 

d<o  .  dV 


whence,  writing  as  before,  s  for  Ca)3, 

ds      .  A      _  dV 

-  =  (A-^^  +  -. 

From  the  results  obtained  in  the  case  of  undisturbed 
motion,  we  have  (Art.  10  (iii)) 

*  4  !«/(*,  %•). 
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If  we   differentiate  this  equation,   first  considering  the 

elements  variable,  and  then  considering  them  invariable,  and 

i  js 

equate  the  results,  substituting  the  above  value  of  -y-,  all 

terms   not   depending  upon   the  disturbing  force  will  dis- 
appear: thus 

dl_dldh     d^dk     dl^dV^ 

dt~dhdi+dkdt  +  ds  dfa  ' 

or,   substituting   the   values   of  -j-  and  -^-    from   Arts.  11 

dt  dt 

and  15, 

but  by  Art.  17, 

also,  as  in  Art.  15, 


dl_    dVM     dV  dl     dVdl 
dt~     dl  dh+  dg  dlc  +  d<t>t  ds 


dl  _  9  dfa       dl_  _          dfa 
dk~    ~dh>     ds~         ~dh 


dg 

and  by  Art.  18, 


^=  ^ 

dl  d/i      "  ds  dh 

dl 


from  which  I  may  be  calculated. 

20.  To  obtain  the  formula  for  g,  we  might  of  course 
proceed  in  the  same  manner,  differentiating  the  third  equa- 
tion of  Art.  10  (iii)  ;  but  the  process  would  be  complicated 
by  the  fact  that  fa  is  measured  from  a  moving  point  and  on 
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-r 

a  moving  plane,   and  consequently  that  the  form   of  —  ^-l 

is  not  the  same  in  the  disturbed  as  in  the  undisturbed 
motion.  We  shall  therefore  employ  a  different  method  : 
availing  ourselves  of  the  formulae  already  obtained  for  calcu- 
lating five  out  of  the  six  elements,  we  shall  obtain  the  sixth 
by  direct  substitution,  in  the  same  manner  as  that  in  which 
the  epoch  was  obtained  in  Art.  36  of  the  Planetary  Theory. 

By  Art.  10  (iii),  we  may  write 

V=f(t+l,g,  h,k,  a,  7). 

Differentiating,  the  elements  being  considered  variable, 
dV  <U\     dVdg     dVdk     dV  dk 


dt  ~  d+l  dt      d/i  dt      dk 


dv.    dt       dy  dt  ' 

differentiating  as  if  the  elements  were  invariable, 
dV        dV 


dV 

Equating  the  two  values  of  -j-  ,  we  have 

dt 

dVdl     dVdff     dVdh     dV  dk 
dl  dt  +  d     dt  +  dh  dt      dk  ~dt 


_ 
da  dt  +  dy  dt  ~ 

Substituting  in  this  equation  the  values  of  -j.  ,    -r  ,  &c. 
obtained  in  the  preceding  Articles,  we  find  after  reduction 

dg  __     dV      cos  7    dV 
dt          dk      k  sin  7  dy  ' 

from  which  g  may  be  calculated. 
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21.     We  will  here  recapitulate  the  formulae  which  have 
been  obtained  for  calculating  the  elements  of  the  motion  : 

dh_    dV 

w  di-  zw 

....    dl        .dV 


(in) 

dk_dV 
dt  ~  dg  y 

(iv) 

dg 
dt 

dV 

cos  7 

dV 

dk 

fcsin7 

dy  ' 

f^\ 

d* 

1 

dV 

dt         k  sin  7  dy  ' 

dy_  =  __1 dV      cos 7    dT 

^    '     dt  ~~  k  sin  7  da      k  sin  7  dg  ' 

22.  These  six  equations  agree  with  those  obtained  by 
Ponte*coulant  in  his  The'orie  Analytique  du  Systems  du  Monde 
(Tome  II.  p.  189).  In  Art.  12  we  have  shewn  that  the  first 
of  them  can  be  expressed  in  a  form  in  which  it  is  seen  to 
be  identical  with  the  formula  from  which  the  mean  distance 
is  calculated  in  the  Planetary  Theory :  it  will  be  instructive 
to  compare  the  remaining  equations  with  those  of  the 
motion  of  translation.  In  order  to  do  this,  we  shall  first 
express  the  latter  in  terms  of  elements  having  a  significa- 
tion analogous  to  that  of  the  above.  Now  in  the  motion  of 
rotation  h  is  the  element  of  vis  viva,  and  this  in  the  motion 

of  translation  is  equal  to  -  -  :  k  is  the  area  conserved  on 

a 

the  plane  of  maximum  areas,  which  plane  in  the  motion  of 
translation  becomes  that  of  the  orbit,  and  the  area  conserved 
upon  it  is  equal  to  V/-ta  (1  —  e)2:  I  is  the  element  added  to  t 
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in  the  integration,  and  this  in  the  motion  of  translation  is 

-  (e  —  -cr)  :  g  is  the  element  added  to  fa,  and  this  corresponds 

to  -cj  in  the  motion  of  translation,  only  we  must  remember 
that  g  is  measured  wholly  on  the  plane  of  maximum  areas 
from  its  node,  while  TST  is  measured  on  the  fixed  plane  of 
reference  as  far  as  the  node,  and  thence  on  the  plane  of  the 
orbit  ;  so  that  -zzr  —  O  will  correspond  to  g  :  lastly,  a  is  the 
longitude  of  the  node  of  the  plane  of  maximum  areas,  and 
7  its  inclination  to  the  plane  of  reference;  in  the  motion 
of  translation  the  same  quantities  defining  the  position  of  the 
plane  of  the  orbit  are  denoted  by  H  and  i.  In  order,  then, 
to  compare  the  rotation  formulae  with  those  of  translation, 
we  proceed  to  replace  the  elements  a,  e,  e,  OT  of  the  Planetary 
Theory  by  four  new  elements  A,  k,  ?,  g,  connected  with  the 
former  by  the  relations 


If-pa  (1-e2), 


g  =  -or  —  fi. 

Let  R'  express  the  form  which  the  function  R  takes 
when  the  new  elements  are  substituted  for  the  old  :  then 
we  have 

dR  _  dR  dh     dRdk     dR^dl^ 
da  ~~  dh    da      dk    da       dl    da 


*  In  -j-  ,  which  occurs   only  in  the  formula  for  the  epoch,  the  differen- 
tial coefficient  is  supposed  to  be  taken  with  respect  to  o  only  in  so  far  as  a 
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k  na*e     dR' 


=  = 

de  ~  dk    de~         i  _  2  ~dk  ' 


de        dl    de  n    dl  ' 

dR     dR'   dl  dR  dg 

. I «7 

di&       dl    dus  dg  dt& 


"h 


_  _ 

n    dl        dg  ' 

dR_dft     dJV  dg 
dQ,  ~  d£l  +  dg    dh 

=  dR     dR' 
~  d£l       dg  " 

Now  if  we  differentiate  the  above  expressions  for  h,  k,  I,  g, 

and  then  substitute  the  values  of  -y  ,   -j-,  &c.  obtained  in 

(Lt      dt 

the  Planetary  Theory,  and  those  obtained  here  for  -j-  ,   -j—  , 
&c.,  they  will  reduce  to 

dh     -dR' 
dt=  *U> 


_  _   o 

dt  dk  ' 

dk  =  dR 
~di~  dg  ' 

dg _     dR'       cost    dR' 
dt          dh      k  sin  i  di  ' 

occurs  explicitly  in  72 :  if  we  suppose  a  to  vary  also  as  contained  implicitly  in  n, 
this  differential  coefficient  will  include  the  term  proportional  to  the  time,  which 
may  therefore  with  this  understanding  be  omitted.  In  Art.  37  of  the  Planetary 
Theory  this  term  was  removed  by  a  different  transformation. 
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=  ^ 

dt      k  sin  i   di  * 

di  _          1       dIC       cos  i    dR' 
dt~     Jc  sin  i  dQ      k  sin  i  dg 

On  comparing  these  with  the  rotation  formulae,  it  will 
be  seen  that  they  are  identical,  with  the  exception  only  that 
the  sign  of  a  differs  from  that  of  H  ;  and  this  is  accounted 
for  by  the  fact  that  a  and  fl  are  measured  in  opposite  direc- 
tions. Thus,  by  employing  elements  having  a  like  significa- 
tion in  the  two  motions  of  translation  and  rotation,  we  have 
arrived  at  the  very  remarkable  result  that  the  complete  solu- 
tion of  the  problem  of  Planetary  perturbation,  whether  in  the 
motion  of  translation  or  of  rotation,  is  expressed  by  the  above 
simple  formulae. 


PAR1    II. 

APPLICATION  OF  PRECEDING  RESULTS. 
PRECESSION  AND  NUTATION. 

23.  THE  formulae  obtained  in  the  first  part  are  suf- 
ficient completely  to  determine  the  motion  of  a  planet  or 
other  rigid  body  about  its  centre  of  gravity.  They  are  per- 
fectly rigorous,  subject  only  to  the  hypothesis  that  the  dis- 
turbing bodies  may  be  supposed  to  attract  as  if  condensed  into 
their  respective  centres  of  gravity ;  a  hypothesis  admissible  if 
these  bodies  are  either  very  distant  or  nearly  spherical  in 
form.  But  though  the  formulas  are  exact,  they  can  be  in- 
tegrated only  by  approximation.  We  propose,  therefore,  in 
the  second  part  to  restrict  ourselves  to  the  particular  case  of 
the  Earth,  taking  advantage  of  such  of  the  results  of  obser- 
vation as  may  be  required  to  enable  us  to  approximate.  In 
order  to  treat  the  problem  fully  we  shall  consider,  first,  the 
motion  of  the  axis  of  rotation  in  the  Earth  itself,  with  the 
velocity  of  rotation  about  it ;  secondly,  the  motion  of  this 
axis  in  space.  The  first  is  of  special  interest,  since  any 
change  in  the  position  of  the  axis  in  the  Earth,  were  such 
change  possible,  would  affect  the  permanence  of  terrestrial 
latitudes  ;  any  change  in  the  velocity  of  rotation  would  affect 
the  length  of  the  day.  The  second  is  of  great  importance  to 
astronomers,  since  it  establishes  the  fact  that  the  first  point 
of  Aries,  or  vernal  equinox,  to  which  they  are  accustomed  to 
refer  celestial  longitudes,  is  not  a  fixed  point. 


32  THE  EARTH'S  MOTION  OF  ROTATION. 


Stability  of  the  axis  of  rotation  in  the  Earth  and 
of  the  velocity  about  it. 

24.  We  proceed  then,  first,  to  consider  the  motion  of 
the  axis  of  rotation  within  the  Earth,  and  shall  be  able  to 
shew  that,  in  so  far  as  it  depends  upon  the  attractions  of 
other  bodies,  this  axis  can  never  separate  appreciably  from 
the  axis  of  figure,  and  that  the  velocity  about  it  must  always 
remain  appreciably  constant. 

We  have  from  Art.  3 


Eliminating  &>3  from  these  equations, 


Now  if  C  be  either  the  greatest  or  least  principal  mo- 
ment, both  the  terms  of  the  left-hand  member  of  this 
equation  must  always  retain  the  same  sign  ;  and  if  we  take 
G  about  the  Earth's  axis  of  figure  it  will  be  the  greatest  and 
this  sign  will  be  positive.  We  may  therefore  write 


thus    A(C-A)a>?  +  B(C-B}o>?=(C-A)(C-B}e\ 

It  follows  from  this  that 

I~C~— ~B 
G)^  can  never  be  greater  than  e  ,\J  — -. — , 

co2  can  never  be  greater  than  e 

If  we  neglect  the  disturbing  force,  h,  Jc  and  therefore  e 
are  constant,  and.  the  value  of  e  will  be  found  by  substituting 


STABILITY  OF  THE  AXIS.  33 

the  values  of  col)  o>2  as  determined  by  observation  at  any 
given  epoch.  Now  the  most  delicate  observations  have 
hitherto  shewn  no  appreciable  separation  of  the  axis  of 
rotation  from  the  axis  of  figure  :  hence  o^,  o>2  are  at  present 
inappreciable  ;  thus  e  is  so,  and  we  conclude  that,  indepen- 
dently of  the  disturbing  force,  o»x,  eo2  must  always  remain 
inappreciable. 

If  in  the  equations  of  Art.  6,  we  write  o^  =  0,  o>2  =  0,  we 
have  also  Ol  =  0  ;  so  that,  if  the  disturbing  force  be  neglected, 
we  may  consider  the  plane  of  maximum  areas  as  coincident 
with  the  Earth's  equator. 

25.  Let  us  now  examine  the  effect  of  the  disturbing 
force  upon  the  angular  velocities  o>1,  o>2.  By  the  preceding 
Article 


Differentiating,  and  substituting  the  expressions  for  -, 

dk 

and  -j-  obtained  in  the  first  part  (Art.  21), 

,  dV 


If  the  approximation  be  carried  to  the  first  power  of  the 
disturbing  force,  we  may,  in  calculating  the  second  member 
of  this  equation,  suppose  0l  =  0  :  thus  the  equations  of  Art.  7 
give 

0  =  %     *  =  ^i-Vri»     ^  =  «. 

Also,  if  n  be  the  mean  angular  velocity,  we  may  to  the 
same  order  of  approximation  suppose  &>3  =  n  :  thus,  from  the 
equations  (A)  of  Art.  5,  i|r  and  6  are  constant  and 


c.  3 
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whence  by  integration 

<jb  =  nt  +  c, 

c  being  the  value  of  <£  at  the  epoch  from  which  t  is  measured. 
Again,  by  Art.  10  (iii), 


_  dV    d(V] 

Hence  —n-  =  — 77-^ 


^^^^l  d(V) 
dg  ~      d-fyi     d<j>      n      dt 


Now  (Art.  3)       V  =  A^ 
=  (7V 
to  the  same  order  of  approximation  :  therefore 


»        .        n 

Hence     C  -jj  -  k  -y-  =  C  —j-^  -  -  -—  ^  =  0  ; 
dl.        dg  dt        n     dt, 

de 

and  therefore  -j-  —  0  : 

dt 

whence  it  follows  that  to  the  first  order  of  the  disturbing  force 
e  continues  absolutely  constant. 

When  the  approximation  is  carried  to  the  order  of  the 
square  of  the  disturbing  force*,  it  is  found  that  ez  can  con- 
tain no  term  proportional  to  the  time,  nor  ..any  inequality, 
either  secular  or  periodic,  raised  to  the  first  order  in  the 
process  of  integration.  Hence  we  may  consider  e2  as  prac- 
tically constant,  and  thus  conclude,  as  in  the  preceding 
Article,  that  o)l9  o>2  will  always  remain  inappreciable. 

*  See  Pente'coulant's  Systeme  du  Monde,  tome  II.  p.  218. 
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It  follows,  as  in  the  preceding  Article,  that  to  the  same 
degree  of  approximation  the  plane  of  maximum  areas  may 
be  regarded  as  coincident  with  the  Earth's  equator. 

26.  We  have  now  to  examine  the  effect  of  the  disturb- 
ing force  upon  the  velocity  of  rotation.  Since  <ol9  o>2  are  in- 
appreciable, this  velocity  will  be  equal  to  o>3 ;  thus,  as  in  the 
preceding  Article,  we  have 

k 


therefore  —rr  =  -7,  -jr  =  7?  -j-  (Art.  21) 

dt       G  dt       C  do    ^  ' 


dcoa      1   dk      1  dV 
dg 

_1_  d(V) 

Cn     dt    ' 


Now  considering  V  as  a  function  of  0,  <£,  i^,  if  our  ap- 
proximation be  carried  to  the  first  power  of  the  disturbing 
force,  we  have 

0  =  r}       < 


so  that  V  will  involve  t  only  under  the  form  nt  +  c.    It  fol- 

lows that  —  7—  will  consist  of  a  series  of  terms  of  the  form 
at 

PCOS  (pnt  +  q), 
sm    ^ 

where  p  is  some  positive  integer.     And  this  term  will  give 

2?r 
rise  to  inequalities  whose  period  is  --  ,  that  is,  a  day  or 

J}'Yl 

fraction  of  a  day.  Now  the  most  delicate  observations  have 
hitherto  failed  to  detect  any  such  inequality  :  hence  we 
must  altogether  reject  such  terms,  and  conclude  that  o>3  will 
always  remain  sensibly  constant. 

27.     The  preceding  Articles  prove  the  stability  of  the 
axis  of  rotation  in  the  Earth  and  of  the  velocity  about  it,  so 

3—2 
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far  as  the  motion  depends  upon  the  attractions  of  distant 
bodies  ;  but  there  is  another  disturbing  influence  to  be  found 
in  the  friction  produced  by  the  tides.  The  effect  of  this  (see 
Thomson's  and  Tait's  Natural  Philosophy)  would  be  to  retard 
the  Earth's  velocity ;  but  whether  to  an  appreciable  extent 
is  yet  uncertain.  The  fact,  discovered  by  Professor  Adams, 
that  a  portion  of  the  acceleration  of  the  Moon's  mean  motion 
is  yet  unaccounted  for,  led  Delaunay  to  suggest  that  this  por- 
tion might  be  apparent  only,  and  really  due  to  the  retarding 
effect  of  tidal  friction  upon  the  Earth's  velocity.  But  other 
possible  explanations  have  been  given,  and  to  pursue  the 
subject  further  would  be  beyond  the  scope  of  the  present 
treatise. 


Precession  and  Nutation. 

28.  We  have  now  to  consider  the  motion  of  the  Earth's 
axis  in  space,  resulting  in  the  phenomena  of  Precession  and 
Nutation.  We  have  seen  that,  to  the  first  order  of  the  dis- 
turbing force,  the  plane  of  maximum  areas  may  be  con- 
sidered as  coincident  with  the  Earth's  equator,  and  that 
consequently  to  this  order  of  approximation  we  may  write 

B  =  ry,      i|r  =  CC. 

Hence  the  motion  of  the  equator  may  be  calculated  by 
formula  (v)  and  (vi)  of  Art.  21.  Now  it  may  be  shewn  as  in 

Art.  25  that 

dV=ld(V) 
dg      n     dt    ' 

and  may  therefore  be  neglected,  since  (as  has  been  proved  in 
Art.  26)  it  can  give  rise  only  to  terms  whose  period  is  a  day 
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or  fraction  of  a  day,  which  are  wholly  insensible.  If,  then, 
we  write  ty  and  0  for  a  and  7  respectively,  these  formulae 
become 


dt          ksmd  d6  ' 


dt         k  sin  6  dty  ' 
or,  since  to  the  same  order  of  approximation  k  —  Co>3  =  Cn, 

cty_  1         dV 

~dt~       Cn  sin  0  dti  ' 

d6  1 


sn 


29.  These  elegant  equations,  due  to  Poisson,  give  ty 
and  0,  and  thus  determine  the  motion  of  the  Earth's  axis  in 
space.  Before  we  can  integrate  them  it  will  be  necessary  to 
obtain  an  expression  for  F. 

Let  then  m  be  the  mass  of  the  Earth,  m  that  of  the  dis- 
turbing body  which  we  shall  suppose  to  be  the  Sun ;  r  the 
distance  between  the  centres  of  gravity  of  these  bodies,  r  the 
distance  from  the  Earth's  centre  of  gravity  of  an  element  Sm 
of  its  mass,  p  the  distance  of  the  same  element  from  the 
centre  of  gravity  of  the  Sun  :  also  let  the  inclination  of  r  to 
/  be  denoted  by  v.  Then  by  Art.  9, 

«.  __     ,,£  Bm 
P 


m 

— 

r 


M      2r  ,   ^V*! 

1  —  -Tcosv4--75      r- 
\        r  r  /    ) 
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Now  since  r  is  very  large  in  comparison  of  r,  we  shall 

T 

neglect  all  powers  of  -  above  the  second  :  thus 

jr     m'  *  f*     /'i    ,    r  1   r2      3  r2       2   \] 

V=  7  2  |Sm  (I  +  -7  cos  v  -  ^  7*  +  ~2  ^co8  "  Jj 


,         tfl    -»..«,  2  2     \ 

-f    ~^  5  (Sm  .  r  cos  v) 


—  —r  2  (Sm)  +  -15  2  (Sw  .  r  cos  v)  +  —  j  2 


Of  these  terms  —  2(&?i)  and  -^S^m.r2)  may  be  omitted, 

since  they  cannot  contain  the  angles  6,  $  or  ty,  and  would 
not  be  affected  by  any  arbitrary  rotation  such  as  is  supposed 
in  Art.  9  :  also  since  r  is  measured  from  the  Earth's  centre  of 
gravity,  2  (5m  .  r  cos  v)  —  0.  Hence  we  may  write 


3m'  ~ 
2r3 

if  Q  denote  the  moment  of  inertia  of  the  Earth  about  the 
line  joining  its  centre  of  gravity  with  that  of  the  Sun.  We 
see,  then,  that  the  effective  portion  of  the  disturbing  func- 
tion is  proportional  to  this  moment  of  inertia. 

30.  We  have  hitherto  made  no  assumption  respecting 
the  Earth's  figure.  We  learn  from  pendulum  observations 
and  geodetic  measurements  that  it  is  approximately  an 
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oblate  spheroid;  the  moments  of  inertia  about  all  axes  in  the 
plane  of  the  equator  are  therefore  nearly  equal,  and  we  may 
take  B  =  A.  If,  then,  8  be  the  Sun's  declination, 


also  if  n  denote  the  Sun's  mean  motion,  we  have  approxi- 
mately 

2?r 


therefore 


or,  neglecting  the  Earth's  mass  in  comparison  with  that  of 
the  Sun, 


• 


Hence,  by  substitution, 


31.  By  Art.  9,  the  moment  of  the  Sun's  disturbing  force 
about  an  equatorial  diameter  of  the  Earth  perpendicular  to 
the  line  joining  the  centres  of  gravity  of  the  two  bodies,  and 
tending  to  increase  B 

dV         3n'*  „    .      , 


It  is  clear  that  the  moment  about  any  axis  perpendicular 
to  this  is  zero,  since  an  hypothetical  rotation  about  any  such 
axis  could  produce  no  change  in  8.  If,  then,  the  Sun's  dis- 
turbing force  be  reduced  to  a  parallel  force  through  the 
Earth's  centre  of  gravity,  and  a  couple,  the  tendency  of  the 
latter  will  be  to  give  to  the  equator  a  rotation  towards  the 
ecliptic  about  an  equatorial  diameter  perpendicular  to  the 
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line  joining  the  centres  of  gravity  of  the  two  bodies.     The 
moment  of  this  disturbing  couple  is 

~-0<7-  A)  sin  28. 

32.  We  shall  now  return  to  the  equations  of  Art.  28, 
and  deduce  from  them  the  motion  of  the  Earth's  axis  in 
space.  The  results  obtained  will  be  of  sufficient  accuracy  for 
our  present  purpose  if  we  suppose  the  ecliptic,  to  which  plane 
the  motion  will  be  referred,  to  remain  fixed. 

Let  -^  denote  the  longitude  of  the  first  point  of  Aries 
measured  from  some  fixed  "point  on  the  ecliptic,  X  the  Sun's 
longitude  measured  from  the  same  point,  6  the  obliquity  of 
the  ecliptic.  Then  from  the  spherical  triangle  formed  by  the 
intersection  of  the  equator,  the  ecliptic,  and  a  declination 
circle  through  the  Sun,  we  have 

sin  8  =  sin  (T|T  —  X)  sin  0  ; 

7£ 

therefore  cos  8  -^  =  sin  (>|r  —  X)  cos  6, 

at? 

7£ 

cos  8  -yy-  =  cos  (^r  —  X)  sin  6. 

If  T/T  —  X  =  ?,  then  I  will  be  the  Sun's  longitude  measured 
from  the  first  point  of  Aries  in  the  opposite  direction  to  that 
in  which  ^  and  X  are  measured  :  thus 

fjft  7£ 

cos  8  — g  =  sin  I  cos  0,     cos  8  ,-7  =  cos  I  sin  0. 
dv  dty 

Hence    -^  =  -™r  37,  =  —  3n'2  ( G—  A}  sin  8  sin  I  cos  0, 
du      do    do 

dV    dV  dS 

-j~r  —  -^-  ~T7  =  ~  3w    (C  —  A)  sin 6  c< 

d-fr     do    aw 
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Substituting  these  values  in  the  equations  of  Art.  28, 

d^     3n*    C-A    .    .  .    7 
~J-  =  -  .  —  ~  —  sm  o  sin  I  cot  6 
dt        n          G 

3/i'2   C-A   , 
=  —  .  —  ~—  sin2  1  cos  0 

3?i     G  —  A        /\  it  ctj\ 

=  -«—  .  —  77—  cos  0(1-  cos  2Z). 
.Zw         O 

J0         3?i"   C-A  . 

T-  =  --  -  .  —  7=5  —  sin  o  cos  6 
(ft  n          C 

Sri*   C-A   .    7       1  .    a 
=  —  sin  ?  cos?  sin  0 


n 

3n'*   C-A   .    fi  .  • 
=  —  ?r—  .  —  Ti  —  sin  u  sm  21. 
2/*         6 

Let  /  denote  the  mean  value  of  the  obliquity,  then  since 
both  —  and  —  —  —  are  very  small  quantities,  we  may  in  the 
second  members  of  these  equations  write 

0  =  7,     l=n't:  ( 

d^r     3n2   C-A        Tn  0  M 

thus  j—^T'-  —  n  —  cos  /  (1  —  cos  2/i^), 

dt       An,        L> 

dO          SH*    C-A   .     T  .    _   . 
-j-  =  -  ^—  .  —  ri  —  sm  /sin  2tt  t. 
dt  2n        U 

By  integration, 

3rc'2  (7-^1  3^'   C-A 

y  =  ^—.  —  Q—  .  cos  /J  —  -j-  .  .  cos  7.  sin  2w  «, 

^  =  /  +  -:  —  .  —  7=  —  .  sin  /.  cos  2nt, 
4cn        C 

ty  being  measured  from  the  position  of  the  first  point  of  Aries 
at  the  epoch  from  which  the  time  is  reckoned. 
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33.  These  formulae  determine  the  motion  of  the  Earth's 
axis  in  space.  Although  the  method  by  which  they  have 
been  obtained  has  the  advantage  of  connecting  the  two  prob- 
lems of  translation  and  rotation,  it  may  be  worth  while  to 
arrive  at  them  by  an  independent  process. 

Since  the  Earth  is  nearly  an  oblate  spheroid,  we  shall,  as 
before,  take  C  for  the  greatest  principal  moment,  and  sup- 
pose JB  =  A,  so  that  all  axes  in  the  plane  of  the  equator  are 
principal  axes.  If,  then,  taking  the  plane  of  the  equator  for 
that  of  xy,  we  suppose  the  axes  of  x  and  y  to  revolve  with  an 
angular  velocity  03  about  the  axis  of  et  we  have  the  equations 
of  motion* 

A  --~  —  Atoflz  -f  (7w2o)3  =  L, 


. 
at 

if  we  take  for  the  axis  of  x  the  projection  of  the 
Sun's  radius  vector  on  the  plane  of  the  equator,  we  have 

L  =  0,    JV=  0, 

0M'2 

Jlf=_^L((7-^)sm2S,  (Art.  31); 

and  since  03  is  very  small  and  occurs  only  in  connexion  with 
<ul  arid  Q>2  which  are  also  very  small  (Arts.  24  and  25),  we 
may  write 

03  =  ri  its  mean  value. 

*  See  Routh's  Rigid  Dynamics,  Art.  107:  the  equations  there  given  reduce 

to  the  above  if  63  is  written  for  ws  +  -~  . 

at 
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Thus  the  third  equation  gives 

cS-*=o. 

whence  a>3  =  const.  =  n  suppose  ; 

and  the  first  two  become 


Cn-An' 
or,  denoting  -  —  -  --  by  p} 


dot.  3n"   C-A   . 


C—  A 
Now  —  ^  —  ig  a  very  small  fraction  ;  ri,  the  Sun's  mean 

^cl 

motion,  is  very  small  in  comparison  of  n  ;  and  8  varies  very 
slowly;  we  shall,  therefore,  in  integrating  these  equations, 
take  no  account  of  its  variation.  Thus,  eliminating  o^, 


the  integral  of  which  is 

o)2  =  A  cos  (pt  —  J5), 

where  A  and  B  are  constants  of  integration.     This  term  is 
independent  of  the  disturbing  force  ;  but  having  for  its  period 

—  ,  which  does  not  differ  much  from  a  day,  it  must  be  re- 
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jected,  since,  as  we  have  already  remarked  in  Art.  26,  such 
terms  are  altogether  insensible.     Hence  we  conclude  that 


and  by  substitution  in  the  second  equation, 

3ri*    C-A   . 

o),  =  -TT—  .  — - —  sm  28 


3/i'2    C-A  f,      Ari\'1  . 
—  -^ —  •  — TV —    1  — 77—      sin 

2/i          C      \        On] 


28 


G 


sin 


powers  of  n  above  the  second  being  neglected.  We  see, 
then,  that  the  effect  of  the  Sun's  attraction  is  to  cause  the 
Earth's  axis  to  travel  in  a  plane  perpendicular  to  that  of  the 
disturbing  couple  which  it  produces,  and  with  an  angular 
velocity  proportional  to  its  moment.  This  velocity,  though 
so  small  as  to  be  insensible  to  the  most  delicate  observations, 
yet  leads  to  values  of  i|r  and  6  which  can  by  no  means  be 
neglected. 

34.  We  proceed  to  determine  the  motion  of  the  axes  in 
space.  Substituting  in  the  equations  of  Art.  5,  we  have 

dty  .    a     Sri*    C-A     . 
-y-  sm  6  =  — -  .  — —. — .  sin  o  cos  8  sm  <f>, 
at  n          L> 

dO         3rc'2    C-A 

~j-  — .  — ^ —  .  sin  o  cos  o  cos  9. 

Now  from  the  spherical  triangle  formed  by  the  intersec- 
tion of  the  equator,  the  ecliptic  and  a  declination  circle 
through  the  Sun,  it  is  easily  seen  that 

sin  $  =  tan  8  cot  0, 
sin  8  =  sin  I  sin  #, 
cos  I  =  cos  (f>  cos  8. 
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By  means  of  these  equations  we  obtain 
d        3n'2    C-A 


. 
dt        n          C 

ae      3tt'2  C-A 


Q  .  27 
.  cos  6  sm2  Z, 


whence,  as  in  Art.  32, 
3>i'2    C-A 


e  =  1+.  .  sin  /cos 

4/i          0 

35.  It  appears  from  these  formulae  that  the  motion  of 
the   Earth's   axis   is   of  two   kinds  ;    partly  secular,   partly 
periodic.     It  is  convenient  to  consider  these  separately.    The 
former  affects  the  equinoxes  alone,  and,  being  proportional  to 
the  time,  indicates  uniform  motion  ;  this  motion  is  one  of 
regression,  since  ty  has  been  measured  in  a  direction  contrary 
to  that  of  the  apparent  motion  of  the  Sun.     Considered  with 
reference  to   the  apparent  diurnal  motion  of  the  stars,  the 
effect  is  to  place  the  equinoxes  in  advance  of  the  position 
they  would  occupy  if  fixed  :  hence  it  obtained  the  name  of 
the  Solar  Precession  of  the  Equinoxes.     The  latter  furnishes 
corrections  both  on  ty  and  0,  which  go  through  all  their 
changes  in  half  a  year  :  it  is  called  the  Solar  Nutation  of  the 
Earth's  axis  ;  the  correction  on  ty  forming  the  Nutation  in 
Longitude,  that  on  0  the  Nutation  in  Latitude. 

36.  We  will  now  examine  the  effect  produced  by  the 
Moon's  action  on  the  motion  of  the  Earth's  axis.     Since  the 
investigations  which  have  been  given  of  the  effect  of  the 
Sun's  disturbing  force  contain  nothing  to  restrict  their  gene- 
rality except  the  special  assumptions  made  with  regard  to 
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small  quantities,  we  shall  first  consider  what  modifications 
are  required  in  order  that  they  may  be  applied  in  the  case  of 
the  Moon. 

Let  ty',  ff,  n",  I'  denote  relatively  to  the  plane  of  the 
Moon's  orbit  the  same  quantities  which  relatively  to  the 
ecliptic  have  been  denoted  by  ^  0,  ri,  /;  also  let  m,  m  be 
the  masses  of  the  Earth  and  Moon :  then,  as  in  the  case  of 
the  Sun,  we  have  approximately, 

2-7T 


n"      Vm  +  m"  ' 


but  we  cannot  in  this  case  neglect  m,  as  it  is  in  fact  much 
larger  than  m"  :  retaining  it,  we  have 


r'3m  +  m 

if  m  =  Xm".  Also  n"  is  small,  though  not  so  small  as  ri  in 
comparison  of  n.  Hence  to  determine  the  motion  of  the 
Earth's  axis  with  reference  to  the  plane  of  the  Moon's  orbit, 
we  have 

3rif*        C-A  . 


0 


The  periodical  terms  in  these  equations  go  through  all 
their  values  in  half  a  month,  and  are  so  small  that  they 
are  usually  neglected.  Thus  we  may  consider  the  incli- 
nation of  the  plane  of  the  Earth's  orbit  to  that  of  the  Moon 
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as  constant  and  equal  to  its  mean  value,  and  the  precession 
as  uniform  and  given  by 

3V'2        C-A 


whence,  the  velocity  of  precession 
d  3n"»        C 


' 


These  results,  deduced  from  the  corresponding,  formulae 
in  the  case  of  the  Sun,  suppose  the  plane  of  the  Moon's  orbit 
fixed.  Now  the  line  of  nodes  moves  too  rapidly  to  allow  of 
this  hypothesis,  but  the  only  effect  of  considering  its  motion 

would  be  to  add  to  —-r-  a  term  depending  upon  its  velocity 

and  not  upon  the  disturbing  force  of  the  Moon  upon  the 
Earth.  Since  our  object  is  to  trace  the  effects  of  this  force 
only,  such  terms  must  be  omitted. 

37.  It  now  remains  to  determine  the  motion  of  the 
Earth's  axis  with  reference  to  the  ecliptic. 

Let  6  be  the  obliquity  of  the  ecliptic,  -\/r  the  longitude 
of  the  equinox,  cc  the  longitude  of  the  node  of  the  Moon's 
orbit  measured  from  the  same  origin  as  ^,  i  the  inclination 
of  the  Moon's  orbit  to  the  ecliptic,  /'  its  inclination  to  the 
equator.  Then  supposing  tf  measured  from  the  node  of  the 
Moon's  orbit  on  the  ecliptic,  we  have  by  Spherical  Trigono- 
metry (as  in  Art.  7) 

sin  (-v|r  —  a)  sin  6  =  sin  /'  sin  ifr    (1), 

cos#  =  cos /cos/'  —  sin /sin/'  costy' (2), 

cos  /'  =  cos  6  cos  /+  sin  6  sin  z'cos  (ty  —  a)  (3). 

We  must  now  differentiate  these  equations  in  order  to 

d^ir        ,  d6  .  „  dilr        T  ,   . 

express  -j-  and  -7-  in  terms  of  -~  .     In  so  doing  we  .shall 
ut  ut  cit 
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omit  the  terms  involving  -j-  and  -j-,  since  these  quantities 

depend  not  upon  the  disturbing  force,  but  upon  the  motion 
of  the  Moon's  orbit.     Thus 

/  •        \   •    a  dty       .    f  QdO 

cos  (ty  —  a)  sin  0  -3-  +  sin  (y  —  a)  cos  6  -j- 


at 


•       rt  ,  i       -T 

sm  I  cos  tjr   -Z- 


.    a  .   .     r   .     ., 

sin  6  -j-  =  —  sin  i  sm  /  sin  -Jr  —  I-  . 
at  at 

Writing  O  for  i|r  —  a,  we  obtain 
cos  fl  sin  0  -~  =  (sin  /'  cos  tjr' 


7   i    / 

-f  sin  i  sin  /'  sin  ^r'  cot  6  sin  O)  -i 


at 


(sin  /'  cos  -tf  +  sin  i  cos  6  sin2  H)  -~  ......  by  (1), 

/cos  t  cos  /'  —  cos  0 


sn 


)fj  f  ' 
-^-  ......  by  (2), 

/cos  i  cos  /'  —  cos  0  cos2/ 


. 
V  sln^ 


.     .        - 
sin  i  cos  6  cos 


7   .   / 

=  (cos  e  sin  ^  cos  O  —  sin  i  cos  ^  cos2  II)  *-|-  ,  ......  by  (3)  ; 

^>6 

therefore        -^  =  (cos  i  —  sin  z  cot  6  cos  fl)  -^  . 

d6        sin  t  sin  T  sin  -»//  J^' 
Also  -j-.  =  --  :  —  ^—        -f- 

a^  sin  ^  dt 

d^r 
—  —  sint  sinfl  —J-  ..................  by  (1). 

at 

We  must  now  substitute  the  value  of  -¥-  :  thus 

at 
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^  =  —  I^L-^  .  ^—^  .  cos  /'  (cos  i  -  sin  i  cot  0  cos  ft), 
<ft      2rc  (1  +  X)       C 

dO  3ri'2        C-A         r  .    .  .    0 

-T-  =  —  H—  Ti  -  TT  •  -  71  -  •  COS  *    Sin  *  Sm  "• 

<fc         2ft  (1  +  X)       0 

It  remains  to  eliminate  /'.     Now 

cos  I  (cos  i  —  sin  *  cot  6  cos  ft) 

=  (cos  0  cos  /+  sin  6  sin  *  cos  ft)  (cos  *  —  sin  /  cot  0  cos  ft) 

=  cos  6  cos2/  —  ~  -T  —  -JT  sin  2/  cos  ft  —  cos  6  sin2/  cos2ft 
2   sm0 

.  /      t  .     1   .  2  A      1  cos  2^   .       . 
=  cos  ^   cos  *  —  H  sin  i  }  —  ^  —.  —  TT  Sln  "i  cos  ft 
\  2          /      2    sm0 

—     cos  ^  sin2/  cos  2ft. 


Also  cos  /'  sin  i  sin  ft 
=  (cos  6  cos  i  +  sin  6  sin  /  cos  ft)  sin  i  sin  ft 

=  ^  cos  ^  sin  2/  sin  ft  +  x  sin  ^  sin2/  sin  2ft. 

L  Z 

aff         .V2        O-J. 

Hence  l=2HiTxy^r--cos^cos* 

—  •=  vsin2/  —  cot  2^  sin  2/  cos  ft  —  ^  sin2/  cos  2ft), 

^  Sri'*        C-A          ..... 

•jT  =  —  -:  —  7=  —  TT  .  —  7=  —  .  (cos  0  sin  2i  sin  ft 
dt         kn  (1  +  X)        G 

+  sin  6  sin2/  sin  2ft). 

Let  v  be  the  mean  retrograde  velocity  of  the  Moon's 
nodes,  ft0  the  value  of  ft  at  the  epoch,  then  we  may  write 
ft  =  vt  +  ft0  ;  also  for  0  we  may  write  its  mean  value  /;  and 
since  /  is  a  very  small  angle  we  may  neglect  sin2/  when  mul- 
tiplied by  a  periodical  term.  Thus 

c.  4 
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dty         3n"2        C-A         T,  1 

-  —  ?y—  .  cos  7  [cos>  -  5  sm2z 

(7  2 

-  cot  £/  sin  2/  cos  (vt  +  O0)), 


The  integrals  of  these  equations  are 


1   , 

'  cos  T  {(cos  z  ~   sm 


--  cot  27  sin  2e  sin  (^  +  H)  J  +  const., 

n"2        C  —  A 


38.  These  equations  determine  the  motion  of  the  Earth's 
axis  due  to  the  attraction  of  the  Moon:  They  are  similar 
to  the  equations  expressing  .the  Sun's  action,  and  the 
remarks  made  in  Art.  35  might,  mutatis  mutandis,  be  re- 
peated here.  The  Lunar  Precession  is  - 

Sri'2        C-A      '/  1       2 

s  e-     sm  ^    t. 


2/i  (1  +  X) ' 

If  we  add  to  this  the  Solar  Precession  (Art.  32),  we  find 
for  the  whole  permanent  effect  of  the  Sun  and  Moon  upon 
the  equinoxes 

3n    C-A 

T'~7T~ 

This  is  called  the  Luni-solar  Precession,  to  distinguish  it 
from  the  Precession  due  to  the  secular  motion  of  the  ecliptic 
in  consequence  of  the  attractions  of  the  Planets,  and  which 
is  called  Planetary  Precession. 

.  Adding  together  the  effects  of  Lunar  and  Solar  Nutation, 
we  find  for  the  whole  Nutation  in  Longitude 
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3    C-A         T(      n"2 

-  .  —  7^  —  .  cos  I  -  —  -.  —  -r  cot  27  sm  2i  sm  fl 

2        6  [nv  (I  +  X) 


where  fl  and  0  denote  respectively  the  mean  longitude  of  the 
ascending  node  of  the  Moon's  orbit  and  of  the  Sun. 

Similarly,  the  whole  Nutation  in  Latitude  is 

3  C-A          T  (      nm  ri  } 
-r  .  —7-.  —  •  .  cos  /  \  —  7^  —  -r-  sm  2^  cos  II  -\  ---  cos  2  0  V. 

4  0  (nv  (1  +  X)  n  } 

In  each  of  these  expressions  the  first  term,  due  to  the 
action  of  the  Moon,  is  the  most  important,  since  n"  is  larger 
than  both  n'  and  v. 

39.  If  we  consider  only  the  motion  of  the  Earth's  axis 
due  to  Precession,  it  appears  from  the  preceding  formula? 
that  it  maintains  a  constant  inclination  to  the  pole  of  the 
ecliptic,  and  describes  a  right  circular  cone  about  it  with 
uniform  velocity.  An  axis  possessing  this  motion  ,exactly  we 
shall  term  the  mean  axis  of  the  Earth. 

The  motion  of  the  axis  due  to  Lunar  Nutation  can  now 
be  exhibited  as  follows  :  — 

Let  x  =  —  -r  .  —  —  —  —  ,  —  7=  —  .  cos  27  sin  2i  sin  O, 
4   nv  (1  +  X)        6 

3  rif*        C-A 

y~     7  •  —  TT  -  =r\  •  —  ri  —  •  cos  *  sm  2t  cos  H  : 

4  nv  (1  +  X)       C 

then,  taking  unity  as  the  radius  of  the  celestial  sphere,  x 
and  y  are  the  small  linear  spaces  traversed  by  the  intersec- 
tion of  the  Earth's  axis  with  the  circumference  in  two  direc- 
tions at  right  angles.  Eliminating  II  from  these  equations, 
we  have 

x*  /3        n"2         C-A 


cosa7~       nvl  +  \'     C 


.       V 
*  Sia     J  ' 
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Hence,  in  consequence  of  Lunar  Nutation,  the  extremity 
of  the  axis  may  be  considered  to  move  in  an  ellipse  whose 
semi-axes  are  in  the  ratio  of  cos  21  to  cos  J.  The  centre  of 
this  ellipse  is  at  the  point  of  intersection  of  this  mean  axis 
with  the  celestial  sphere,  and  its  plane  a  tangent  to  the 
sphere  at  that  point.  By  supposing  the  mean  axis  to  de- 
scribe the  cone  uniformly,  while  the  true  axis  describes  this 
ellipse  about  it,  the  real  motion  will  be  represented.  This 
conception  is  due  to  Bradley,  who  arrived  at  it  by  obser- 
vation. 

40.  The  annual  value  of  the  Luni-solar  precession  (see 
Art.  38) 

on    0  —  A 

=  jr-;  . — COS 

2n        (J 

Observation  gives  about  50".  1  as  the  numerical  value  of 
this  expression.  Hence,  by  substituting  the  known  values  of 

G  —  A 
n,  ri,  v,  I,  ^'  we  have  a  relation  between  — -^ —  and  X,  by 

means  of  which  either  may  be  determined  when  the  other 
is  known. 

41.  We  have  taken  no  account  in  our  calculations  of 
the  Precession  caused  by  the  attractions  of  the  planets  on 
the  Earth,  since  it  is  too  trifling  to  be  appreciable. 


THE  END. 
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GARIBALDI  at  CAPRERA. 
By  COLONEL  VECCHJ.  With 
Preface  by  Mrs.  GASKILL.  Fcap. 
8vo.  IJ-.  6d. 

GEIKIE.— STORY  OF  A 

BOULDER;  or,  Gleanings  by 
a  Field  Geologist.  By  ARCHI- 
BALD GEIKIE.  Illustrated  with 
Woodcuts.  Crown  8vo.  $s. 

GEIKIE'S  SCENERY  OF 
SCOTLAND,  with  Illustrations 
and  a  new  Geological  Map.  Cr. 
8vo.  cloth,  IOT.  6d. 

GIFFORD.— THE  GLORY 

OF  GOD  IN  MAN.  By  E.  H. 
GIFFORD,  D.D.  Fcap.  8vo. 
cloth.  3^.  6d. 

GOLDEN  TREASURY 
SERIES.  Uniformly  printed  in 
i8mo.  with  Vignette  Titles  by 
J.  NOEL  PATON,  T.  WOOLNER, 
W.  HOLMAN  HUNT,  J.  E.  MIL- 
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THE  GOLDEN  TREASURY 
OF  THE  BEST  SONGS  AND 
LYRICAL  POEMS  IN  THE 
ENGLISH  LANGUAGE.  Se- 
lected and  arranged,  with  Notes, 
by  FRANCIS  TURNER  PAL- 
GRAVE. 

THE  CHILDREN'S  GARLAND 
FROM  THE  BEST  POETS. 
Selected  and  arranged  by  CO- 
VENTRY PATMORE. 

THE  BOOK  OF  PRAISE.  From 
the  best  English  Hymn  Writers. 
Selected  and  arranged  by  ROUN- 
DELL  PALMER.  A  New  and 
Enlarged  Edition. 

THE  FAIRY  BOOK  :  The  Best 
Popular  Fairy  Stories.  Selected 
and  Rendered  Anew  by  the 
Author  of  "John  Halifax." 

THE  BALLAD  BOOK.  A 
Selection  of  the  Choicest  British 
Ballads.  Edited  by  WILLIAM 
ALLINGHAM. 

THE  JEST  BOOK.  The 
Choicest  Anecdotes  and  Sayings. 
Selected  and  arranged  by  MARK 
LEMON. 

BACON'S  ESSAYS  AND 
COLOURS  OF  GOOD  AND 
EVIL.  With  Notes  and  Glossarial 
Index,  by  W.  ALDIS  WRIGHT, 
M.  A.  Large  paper  copies,  crown 
8vo.  7.?.  6d. ;  or  bound  in  half 
morocco,  lew.  6d. 

The  PILGRIM'S  PROGRESS 
from  this  World  to  that  which  is 
to  Come.  By  JOHN  BUNYAN. 

%*  Large  paper  Copies,  crown  8vo. 
cloth,  7-r.  6d.  j  or  bound  in  half 
morocco,  los.  6d. 

THE  SUNDAY  BOOK  OF 
POETRY  FOR  THE  YOUNG. 
Selected  and  arranged  by  C.  F. 
ALEXANDER. 


A  BOOK  OF  GOLDEN  DEEDS 
OF  ALL  TIMES  AND  ALL 
COUNTRIES.  Gathered  and 
Narrated  anew  by  the  Author 
of  "  The  Heir  of  Redclyffe." 

THE  POETICAL  WORKS  OF 
ROBERT  BURNS.  Edited, 
with  Biographical  Memoir,  by 
ALEXANDER  SMITH.  2vols.  : 

THE  ADVENTURES  OF  RO- 
BINSON CRUSOE.  Edited" 
from  the  Original  Editions  by 
J.  W.  CLARK,  M.A.  with  a 
Vignette  Title  by  J.  E.  MILLAIS. 

THE  REPUBLIC  OF  PLATO.  ' 
Translated  into  English  with  Notes 
by  J.  LI.  DA  VIES,  M.A.  and' 
D.  J.  VAUGHAN,  M.A.  New 
Edition,  with  Vignette  Portraits  of 
Plato  and  Socrates  engraved  by 
JEENS  from  an  Antique  Gem. 

GORDON.  —  LETTERS 
from  EGYPT,  1863—5.  By 
LADY  DUFF  GORDON.  Third 
Edition.  Cr.  8vo.  cloth,  Ss.  6d. 

GORST.— THE  MAORI 
KING;  or,  the  Story  of  our 
Quarrel  with  the  Natives  of  New 
Zealand.  By  J.  E.  GORST,  M.A. 
With  a  Portrait  of  William  Thomp- 
son, and  a  Map  of  the  Seat  of 
War.  Crown  8vo.  los.  6d, 

GREEN.  —  SPIRITUAL 
PHILOSOPHY,  Founded  on  the 
Teaching  of  the  late  SAMUEL 
TAYLOR  COLERIDGE.  By 
the  late  JOSEPH  HENRY 
GREEN,  F.R.S.  D.C.L.  Edited, 
with  a  Memoir  of  the  Author's 
Life,  by  JOHN  SIMON,  F.R.S. 
Two  vols.  8vo.  cloth,  price,  25.?. 

GROVES.— A  COMMEN- 
TARY ON  THE  BOOK  OF 
GENESIS.  For  the  Use  of  Stu- 
dents and  Readers  of  the  English 
Version  of  the  Bible.  By  the 
Rev.  H.  C.  GROVES,  M.A. 
Crown  8vo.  gs. 
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GUIDE  TO  THE  UNPRO- 
TECTED in  Every  Day  Mat- 
ters relating  to  Property  and 
Income.  By  a  BANKER'S 
DAUGHTER.  Second  Edition. 
Extra  fcap.  8vo.  3^.  6d. 

HAMERTON.— A  PAINT- 
ER'S CAMP  IN  THE  HIGH- 
LANDS;  and  Thoughts  about 
Art.  By  P.  G.  HAMERTON. 
2  vols.  crown  8vo.  2is. 

HAMILTON.— THE  RE- 
SOURCES OF  A  NATION. 
A  Series  of  Essays.  By  ROW- 
LAND  HAMILTON.  8vo. 
IOT.  6d. 

HAMILTON.— On  TRUTH 

and  ERROR:  Thoughts  on  the 
Principles  of  Truth,  and  the 
Causes  and  Effects  of  Error.  By 
JOHN  HAMILTON.  Crown 
8vo.  5-r. 

HARDWICK.— CHRIST 
AND  OTHER  MASTERS.  A 
Historical  Inquiry  into  some  of 
the  Chief  Parallelisms  and  Con- 
trasts between  Christianity  and  the 
Religious  Systems  of'  the  Ancient 
World.  By  the  Ven.  ARCH- 
DEACON HARDWICK.  New 
Edition,  revised,  and  a  Prefatory 
Memoir  by  the  Rev.  FRANCIS 
PROCTER.  Two  vols.  crown 
8vo.  15,?. 

HARDWICK.  — A  HIS- 
TORY OF  THE  CHRISTIAN 
CHURCH,  during  the  Middle 
Ages  and  the  Reformation.  (A.  D. 
590—1600.)  ByARCHDEACON 
HARDWICK.  Two  vols.  crown 
8vo.  2is. 

Vol.  I.  Second  Edition.  Edited 
by  FRANCIS  PROCTER,  M.A. 
History  from  Gregory  the  Great  to 
the  Excommunication  of  Luther. 
With  Maps. 


Vol.  II.  Second  Edition.  His- 
tory of  the  Reformation  of  the 
Church. 

Each  volume  may  be  had  sepa- 
rately. Price  los.  6d. 
HARDWICK.  —  TWENTY 
SERMONS  FOR  TOWN  CON- 
GREGATIONS. Crown  8vo. 
6s.  6d. 

HARE.— WORKS  BY 
JULIUS  CHARLES  HARE, 
M.A.  Sometime  Archdeacon  of 
Lewes,  and  Chaplain  in  Ordi- 
nary to  the  Queen. 

CHARGES  DELIVERED 
during  the  Years  1840  to  1854. 
With  Notes  on  the  Principal 
Events  affecting  the  Church 
during  that  period.  With  an 
Introduction,  explanatory  of  his 
position  in  the  Church  with  re- 
ference to  the  parties  which  divide 
it.  3  vols.  8vo.  i/.  us.  6J. 

MISCELLANEOUS  PAM- 
PHLETS on  some  of  the  Leading 
Questions  agitated  hi  the  Church 
during  the  Years  1845 — 51.  8vo. 

I2S. 

THE    VICTORY    OF    FAITH. 

THE  MISSION  OF  THE  COM- 
FORTER. Third  Edition.  With 
Notes,  I2s. 

VINDICATION  OF  LUTHER. 
Second  Edition.  8vo.  Js. 

PARISH  SERMONS.  Second 
Series.  8vo.  cloth,  I2s. 

SERMONS  PREACHED  ON 
PARTICULAR  OCCASIONS. 
8vo.  cloth,  I2s. 

PORTIONS  OF  THE  PSALMS 
IN  ENGLISH  VERSE.  Selec- 
ted for  Public  Worship.  iSmo. 
cloth,  2s.  6d. 
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CHARGES  DELIVERED  in  the 
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an  Introduction.     6s.  6J. 

HEARN.  —  PLUTOLOGY ; 

or,  the  Theory  of  the  Efforts  to 
Satisfy  Human  Wants.  By  W. 
E.  HEARN,  LL.D.  8vo.  14*. 

HEBERT.  — CLERICAL 

SUBSCRIPTION,  an  Inquiry 
into  the  Real  Position  of  the 
Church  and  the  Clergy  in  reference 
to— I.  The  Articles;  II.  The 
Liturgy;  III.  The  Canons  and 
Statutes.  By  the  Rev.  CHARLES 
HEBERT,  M.A.  F.R.S.L.  Cr. 
8vo.  7s.  6d. 

HEMMING.— AN  ELE- 
MENTARY TREATISE  ON 
THE  DIFFERENTIAL  AND 
INTEGRAL  CALCULUS.  By 
G.  W.  HEMMING, M.A.  Second 
Edition.  8vo.  gs. 

HERVEY.— THE  GENEA- 
LOGIES OF  OUR  LORD  AND 
SAVIOUR  JESUS  CHRIST, 
as  contained  in  the  Gospels  of 
St.  Matthew  and  St.  Luke,  recon- 
ciled with  each  other,  and  shown 
to  be  in  harmony  with  the  true 
Chronology  of  the  Times.  By 
Lord  ARTHUR  HERVEY, 
M.A.  8vo.  ioj.  6d. 

HERVEY.  —  THE  AAR- 
BERGS.  By  ROSAMOND 
HERVEY.  2  vols.  crown  8vo. 
cloth,  2is. 

HISTORICUS.— LETTERS 
ON  SOME  QUESTIONS  OF 
INTERNATIONAL  LAW.  Re- 
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siderable Additions.  8vo.  Js.  6d. 
Also,  ADDITIONAL  LET- 
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H  O  D  G  S  O  N.— M  YTH  O- 
LOGY  FOR  LATIN  VERSI- 
FICATION :  a  Brief  Sketch  of 
the  Fables  of  the  Ancients,  pre- 
pared to  be  rendered  into  Lathi 
Verse  for  Schools.  By  F.  HODG- 
SON, B.D.  late  Provost  of  Eton. 
New  Edition,  revised  by  F.  C. 
HODGSON,  M.A.  i8mo.  3s. 

HOLE.  — A  BRIEF  BIO- 
GRAPHICAL DICTIONARY. 
Compiled  and  Arranged  by 
CHARLES  HOLE,  M.A.  Tri- 
nity College,  Cambridge.  In 
Pott  8vo.  (same  size  as  the  "  Gol- 
den Treasury  Series")  neatly  and 
strongly  bound/  in  cloth.  Second 
Edition. '  Price  4^.  6d. 

HORNER.— The  TUSCAN 
POET  GIUSEPPE  GIUSTI 
AND  HIS  TIMES.  By  SUSAN 
HORNER.  Crown  8vo.  7-r.  6d. 

HOWARD.— THE  PENTA- 
TEUCH ;  or,  the  Five  Books  of 
Moses.     Translated  into  English 
from  the  Version  of  the  LXX. 
With  Notes  on  its  Omissions  and 
Insertions,  and  also  on  the  Pas- 
sages in  which  it  differs  from  the 
Authorized  Version.  By  the  Hon. 
HENRY     HOWARD,      D.D. 
Crown    8vo.     GENESIS,    I    vol.  i 
8.T.  6d. ;  EXODUS  AND  LEVITICUS,  ' 
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HUMPHRY.  —  THE 

HUMAN  SKELETON  (includ- 
ing the  JOINTS).  By  GEORGE 
MURRAY  HUMPHRY,  M.D. 
F.  R.  S.  With  Two  Hundred  and 
Sixty  Illustrations  drawn  from 
Nature.  Medium  8vo.  i/.  8s. 
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HUMAN  FOOT.  With  Nume- 
rous Illustrations.  Fcp.  8vo.  4-f.  6af» 
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ELEMENTARY  PHYSIOLO- 
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tions. By  T.  H.  HUXLEY, 
F.R.S.  Professor  of  Natural  His- 
tory in  the  Government  School  of 
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HYDE.— HOW    TO    WIN 

OUR  WORKERS.  An  Account 
of  the  Leeds  Sewing  School.  By 
Mrs.  HYDE.  Fcap.  8vo.  is.  6d. 

HYMNI    ECCLESI^E.— 

Fcap.  8vo.  cloth,  Js.  6d. 

JAMESON.— LIFE'S 
WORK,  IN  PREPARATION 
AND  IN  RETROSPECT.  Ser- 
mons Preached  before  the  Univer- 
sity of  Cambridge.  By  the  Rev. 
F.  J.  JAMESON,  M.A.  Fcap. 
8vo.  is.  6d. 

JAMESON.— BROTHERLY 
COUNSELS  TO  STUDENTS. 
Sermons  preached  in  the  Chapel 
of  St.  Catharine's  College,  Cam- 
bridge. By  F.  J.  JAMESON, 
M.A.  Fcap.  8vo.  is.  6d. 

JANETS  HOME.— A  Novel. 

New  Edition.     Crown  8vo.  6s. 

JEVONS.— THE  COAL 
QUESTION.  ByW.STANLEY 
JEVONS,  M.A.  Fellow  of  Uni- 
versity College,  London.  8vo. 
I  or.  6d. 

JONES.— THE  CHURCH 
of  ENGLAND  and  COMMON 
SENSE.  By  HARRY  JONES, 
M.A.  Fcap.  8vo.  cloth,  3J-.  6d. 

JUVENAL.— JUVENAL,  for 
Schools.  With  English  Notes. 
ByJ.  E.  B.  MAYOR,  M.A.  New 
and  Cheaper  Edition.  Crown  8 vo. 
Reprinting. 


KEARY.  — THE  LITTLE 
WANDERLIN,  and  other 
Fairy  Tales.  By  A.  and  E. 
KEARY.  i8mo  cloth,  y.  6d. 

KINGSLEY.— WORKS  BY 
THE  REV.  CHARLES  KINGS- 
LEY,  M.A.  Rector  of  Eversley, 
and  Professor  of  Modern  History 
in  the  University  of  Cambridge : — 

THE  ROMAN  and  the  TEUTON. 
A  Series  of  Lectures  delivered 
before  the  University  of  Cam- 
bridge. 8VO.  I2J. 

TWO  YEARS  AGO.  Fourth 
Edition.  Crown  8vo.  6s. 

' '  WESTWARD  HO ! "  Fifth 
Edition.  Crown  8vo.  6s. 

ALTON  LOCKE.  New  Edition. 
with  a  New  Preface.  Crown  8vo. 
4s.  6d. 

HYPATIA;  Fourth  Edition.  Cm. 
8vo.  6s. 

YEAST.  Fourth  Edition.  Fcap. 
8vo.  S.T. 

MISCELLANIES.  Second  Edition. 
2  vols.  crown  8vo.  I2s. 

THE  SAINT'S  TRAGEDY.  Third 
Edition.  Fcap.  8vo.  5-r. 

ANDROMEDA,  and  other  Poems. 
Third  Edition.  Fcap.  8vo.  5*. 

THE  WATER  BABIES,  a  Fairy 
Tale  for  a  Land  Baby.  With 
Two  Illustrations  by  J.  NOEL 
PATON,  R.S.A.  New  Edition. 
Crown  8vo.  6s. 

GLAUCUS :  or,  the  Wonders  of 
the  Shore.  New  and  Illustrated 
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Coloured  Illustrations.  5^. 
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Eight  Illustrations.  New  Edition. 
i8mo.  2s-  6d. 
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SERMONS  ON  NATIONAL 
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Edition.  Fcap.  8vo.  5-r. 

SERMONS  ON  NATIONAL 
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THE  LIMITS  OF  EXACT 
SCIENCE  AS  APPLIED  TO 
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for  Loose  Thinkers.  Third  Edition. 
Crown  8vo.  2s. 

DAVID. — Four  Sermons — David's 
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David's  Anger — David's  Deserts. 
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ELLIOT.  By  HENRY  KINGS- 
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KINGSLEY.  —  THE  RE- 
COLLECTIONS OF  GEOF- 
FREY HAMLYN.  By  HENRY 
KINGSLEY.  Second  Edition. 
Crown  8vo.  6s. 


KINGSLEY.— THE  HILL- 
YARS  AND  THE  BUR- 
TONS :  a  Story  of  Two  Families. 
By  HENRY  KINGSLEY.  3 
vols.  crown  8vo.  cloth,  il.  lls.6d. 

KINGSLEY.— RAVENSHOE. 
By  HENRY  KINGSLEY.  New 
Edition.  Crown  8vo.  6s. 

KINGTON.— HISTORY  of 
FREDERICK  the  SECOND, 
Emperor  of  the  Romans.  By 
T.  L.  KINGTON,  M.  A.  2  vols. 
demySvo.  32^. 

KIRCHHOFF.  —  RE- 
SEARCHES on  the  SOLAR 
SPECTRUM  and  the  SPEC- 
TRA of  the  CHEMICAL  ELE- 
MENTS. By  G.  KIRCHHOFF, 
of  Heidelberg.  Translated  by 
HENRY  E.  ROSCOE,  B.A. 

fc  4to.  5-r.  Also  the  Second  Part. 
4to.  5-r.  with  2  Plates. 

LANCASTER  —  ECLOGUES 
AND  MONO-DRAMAS  ;  or,  a 
Collection  of  Verses.  By  WIL- 
LIAM LANCASTER.  Extra 
fcap.  8vo.  4J-.  6d. 

LANCASTER.  —  PR^ETE- 
RITA  :  Poems.  By  WILLIAM 
LANCASTER.  Extra  fcap.  8vo. 
4f.  6d. 

LANCASTER.  —  STUDIES 
IN  VERSE.  By  WILLIAM 
LANCASTER.  Extra  fcap.  8vo. 
cloth,  4J.  6d. 

LATHAM.  —  THE  CON- 
STRUCTION of  WROUGHT- 
IRON  BRIDGES,  embracing  the 
Practical  Application  of  the  Prin- 
ciples of  Mechanics  to  Wrought- 
Iron  Girder  Work.  By  J.  H, 
LATHAM,  Esq.  Civil  Engineer. 
8vo.  With  numerous  detail  Plates. 
Second  Edition.  \Preparing. 
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ON  PRACTICAL  SUBJECTS. 
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8vo.  is.  6d. 

LEMON.—  LEGENDS  OF 
NUMBER  NIP.  By  MARK 
LEMON.  With  Six  Illustra- 
tions by  CHARLES  KEENE.  Extra 
fcap.  5J. 

LESLEY'S  GUARDIANS : 
A  Novel.  By  CECIL  HOME. 
3  vols.  crown  8vo.  31.?.  6d. 

LIGHTFOOT.  — ST. 
PAUL'S  EPISTLE  TO  THE 
GALATIANS.  A  Revised  Text, 
with  Notes  and  Dissertations. 
By  J.  D.  LIGHTFOOT,  D.D. 
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LOWELL.  —  FIRESIDE 
TRAVELS.  By  JAMES  RUS- 
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LUDLOW  and  HUGHES.— 
A  SKETCH  of  the  HISTORY 
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LUDLOW.— BRITISH 
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LUSHINGTON.— THE 
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LYTTELTON.  Extra  fcap.  Svo. 
Second  Edition.  5 s. 
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CHRISTIAN  CLERGY  of  the 
FIRST  TEN  CENTURIES, 
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6s.  6d. 

MACLAREN.—  SERMONS 
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bridge. Second  Edition.  Fcap. 
8vo.  4^.  6d. 

MEMORIALS  OF  HARROW 
SUNDAYS.  A  Selection  of 
Sermons  preached  in  Harrow 
School  Chapel.  With  a  View  of 
the  Chapel.  Fourth  Edition.  Cr. 
8vo.  rev.  6d. 

ST.  PAUL'S  EPISTLE  TO  THE 
ROMANS.  The  Greek  Text 
with  English  Notes.  Second 
Edition.  Crown  8vo.  red  leaves, 

REVISION  OF  THE  LITURGY. 
Four  Discourses.  With  an  In- 
troduction. I.  ABSOLUTISM.  II. 
REGENERATION.  III.  ATHANA 
SIAN  CREED.  IV.  BURIAL  SER- 
VICE. V.  HOLY  ORDERS.  Secona 
Edit.  Cr.  8vo.  red  leaves,  4*.  6d. 
LESSONS  OF  LIFE  AND  GOD- 
LINESS. A  Selection  of  Ser- 
mons Preached  in  the  Parish 
Church  of  Doncaster.  Third 
Edition.  Fcap.  8vo.  4?.  6d. 
WORDS  from  the  GOSPELS. 
A  Second  Selection  of  Sermons 
Preached  in  the  Parish  Church  of 
Doncaster.  Second  Edition.  Fcap. 
8vo.  4-r.  6d. 

THE  EPISTLES  of  ST.  PAUL. 
For  English  Readers.  Part  I. 
containing  the  First  Epistle  to  the 
Thessalonians.  8vo.  is.  6d.  Each 
Epistle  will  be  published  sepa- 
rately. 

THE  CHURCH  OF  THE  FIRST 
DAYS:- 

Series  I.  The  Church  of  Jeru- 
salem. 
„    II.  The  Church  of    the 

Gentiles. 
„  III.  The   Church  of   the 

World. 
Fcap.  Svo.  cloth,  4^.  6d.  each. 


MACMILLAN  AND  CO.'S 


LIFE'S  WORK  AND  GOD'S 
DISCIPLINE.  Three  Sermons. 
Fcap.  Svo.  cloth,  2s.  6d. 

VAUGHAN.— MEMOIR  of 
ROBERT  A.  VAUGHAN, 

,  Author  of  "  Hours  with  the 
Mystics."  By  ROB.  VAUGHAN, 
D.  D.  Second  Edition.  Revised 
and  enlarged.  Extra  fcap.  8vo.  5-r. 

VILLAGE  SERMONS  BY 
A  NORTHAMPTONSHIRE 
RECTOR.  With  a  Preface  on 
the  Inspiration  of  Holy  Scripture. 
Crown  8vo.  6s. 

VIRGIL.  —  THE  JENEID 
Translated  into  English  Blank 
VERSE.  By  JOHN  MILLER. 
Crown  8vo.  los.  6d. 

VOLUNTEER'S  SCRAP 
COOK.  By  the  Author  of  "  The 
Cambridge  Scrap  Book."  Crown 
4  to.  75.  6d. 

WAGNER.— MEMOIR  OF 
THE  REV.  GEORGE  WAG- 
NER,  late  of  St.  Stephen's, 
Brighton.  By  J.  N.  SIMPKIN- 
SON,  M.A.  Third  and  Cheaper 
Edition.  $s. 

WARREN.— AN  ESSAY  on 
GREEK  FEDERAL 
COINAGE.  By  the  Hon.  T. 
LEICESTER  WARREN,  M.A. 
8vo.  2s.  6d. 

WESTCOTT.  —  HISTORY 
of  the  CANON  of  the  NEW 
TESTAMENT  during  the  First 
Four  Centuries.  By  BROOKE 
FOSS  WESTCOTT,  M.A.  Cr, 
8vo.  New  Edition.  Revised. 
[/«  the  press. 

WESTCOTT.  —  CHARAC- 
TERISTICS of  the  GOSPEL 
MIRACLES.  Sermons  Preached 
before  the  University  of  Cam- 
bridge. With  Notes.  By  B.  F. 
WESTCOTT,  M.A.  Crown  Svo. 


WESTCOTT.  —INTRO- 
DUCTION TO  THE  STUDY 
OF  THE  FOUR  GOSPELS. 
By  B.  F.  WESTCOTT,  M.A. 
Crown  Svo.  los.  6d. 

WESTCOTT.— The  BIBLE 
in  the  CHURCH.  A  Popular 
Account  of  the  Collection  and 
Reception  of  the  Holy  Scriptures 
in  the  Christian  Churches.  By 
B.F. WESTCOTT,  M.A.  i8mo. 
4J.  6d. 

WESTMINSTER  PLAYS.— 

Sive  Prologi  et  Epilogi  ad  Fabu- 
las  in  Sti  Petri  Colleg :  actas  qui 
Exstabant  collecti  et  justa  quoad 
licuit  annorum  serie  ordinati, 
quibus  accedit  Declamationum 
qui  vocantur  et  Epigrammatum 
delectus  cur.  F.  MURE,  A.M., 
H.  BULL,  A.M.,  CAROLO 
B.  SCOTT,  B.D.  Svo.  \2s.  6d. 

WILSON.— COUNSELS  OF 

AN  INVALID  :  Letters  on  Re- 
ligious Subjects.  By  GEORGE 
WILSON,  M.  D.  With  Vig- 
nette Portrait.  Fcap.  Svo.  4,?.  &/. 

W I  L  S  O  N.— R  E  L  I  G  I  O 
CHEMICI.  By  GEORGE  WIL- 
SON, M.D.  With  a  Vignette 
beautifully  engraved  after  a  De- 
sign by  NOEL  PATON.  Crown 
Svo.  Ss.  6d. 

WILSON  —  MEMOIR  OF 
GEORGE  WILSON,  M.  D. 
F.  R.S.  E.  Regius  Professor  of 
Technology  in  the  University  of 
Edinburgh]  By  his  Sister.  Third 
Thousand.  SYO.  with  Portrait. 
JOT.  6d. 

WILSON. —  THE  FIVE 
GATEWAYS  OF  KNOW- 
LEDGE. By  GEORGE  WIL- 
SON, M.D.  New  Edit.  Fcap. 
Svo.  2s.  6d.  or  in  Paper  Covers, 
If. 


LIST  OF  PUB LIC A  TlONS. 


WILSON.—  The  PROGRESS 
of  the  TELEGRAPH.  Fcap. 
8vo.  is. 

WILSON.-PREHISTORIC 
ANNALS  of  SCOTLAND.  By 
DANIEL  WILSON,  LL.D. 
Author  of  "  Prehistoric  Man," 
&c.  2  vols.  demy  8vo.  New 
Edition.  With  numerous  Illus- 
trations. 36-5-. 

WILSON.-PREHISTORIC 
MAN.  By  DANIEL  WILSON, 
LL.D.  New  Edition.  Revised 
and  partly  re-written,  with  nume- 
rous Illustrations.  I  vol.  8vo. 

2IJ. 

WILSON.—  A  TREATISE 
ON  DYNAMICS.  By  W.  P. 
WILSON,  M.A.  8vo.  9^.  6d. 

WILTON.—  THE   NEGEB; 

or,  "South  Country"  of  Scrip- 
ture. By  the  Rev.  E.  WILTON, 
M.A.  Crown  8vo.  Js.  6d. 

WOLFE.—  ONE  HUN- 
DRED AND  FIFTY  ORIGI- 

NAL PSALM  AND  HYMN 
TUNES.  For  Four  Voices.  By 
ARTHUR  WOLFE,  M.A. 


WOLFE.  —  HYMNS  FOR 
PUBLIC  WORSHIP.  Selected 
and  arranged  by  ARTHUR 
WOLFE,  M.A.  iSmo.  2s.  Com- 
mon Paper  Edition,  is.  or  twenty- 
five  for  i/. 

WOLFE.  —  HYMNS    FOR 

PRIVATE  USE.—  Selected  and 
arranged  by  ARTHUR  WOLFE, 
ft£.A.  i8mo.  if. 


WOODFORD.  — CHRIS- 
TIAN SANCTITY.  By  JAMES 
RUSSELL  WOODFORD,  M.A. 
Fcap.  8vo.  cloth.  3-r. 

WOODWARD.  —  ESSAYS, 
THOUGHTS  and  REFLEC- 
TIONS, and  LETTERS.  By 
the  Rev.  HENRY  WOOD- 
WARD. Edited  by  his  Son. 
Fifth  Edition.  8vo.  cloth.  io.r.  6d. 

W  O  O  D  W  A  R  D.— T  H  E 
SHUNAMITE.  P,y  the  Rev. 
HENRY  WOODWARD,  M.A. 
Edited  by  his  Son,  THOMAS 
WOODWARD,  M.A.  Dean  of 
Down.  Second  Edition.  Crown 
8vo.  cloth.  ioj.  6d. 

WOOLLEY.  —  LECTURES 
DELIVERED  IN  AUSTRA- 
LIA. By  JOHN  WOOLLEY, 
D.C.L.  Crown  Svo.  8j-.  6d. 

WOOLNER.  — MY  BEAU- 
TIFUL LADY.  By  THOMAS 
WOOLNER.  With  a  Vignette 
by  ARTHUR  HUGHES.  Third 
Edition.  Fcap.  Svo.  $s. 

WORDS    FROM   THE 

POETS.  Selected  by  the  Editor 
of  "Rays  of  Sunlight."  i8mo. 
extra  cloth  gilt,  y.  6d. 

WORSHIP  (THE)  OF  GOD 
AND  FELLOWSHIP  AMONG 
MEN — Sermons  on  Public  Wor- 
ship. By  MAURICE  and  Others. 
Fcap.  Svo.  clotL.  $s.  §d. 

WORSLEY.  —  CHRISTIAN 
DRIFT  OF  CAMBRIDGE 
WORK.  Eight  Lectures.  By 
T.  WORSLEY,  D.D.  Crown", 
Svo.  cloth,  6y. 
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